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INTRODUCTION 



This paper is devoted to the weighted polynomial approximation problem on the real 
line. 

Let w(x) be a nonnegative function of real values x , such that for each n — 0, 1, 2, . . ., 
x n w(x) is bounded. In 1924 S.Bernstein [10] asked for conditions on w such that the 
algebraic polynomials V are dense in the space C° of all functions / continuous on 
R , satisfying w(x)f(x) — > as |x| — > +oo , where C° is equipped with the seminorm 
:= supw(x)\f(x)\ (for a more explicit survey see [1, 30, 32, 40, 41]). 



In 1937 S. Isumi and T. Kawata [20] showed that if functions w(x) and — \ogw(e x ) 
are even and convex on the real line, respectively, then algebraic polynomials V are dense 
in the space C° if and only if 

\ogw{x) 

TT ^dx = -oo. (1) 

In 1947 N. Akhiezer and S. Bernstein (see [32, 1]) proved that a necessary and sufficient 
condition for the density of V in C° is that 

/"log|P(x)| , 

sup / f V dx = +oo , 2 
Pe* J 1+x 2 

K 

where 9Jl w := {P E V \ w(x)\P(x)\ < 1 + \x\ V x E R } . It was shown in 1956 by 
S. Mergelyan [32] that condition (2) is equivalent to 



/ 



log 



sup \P(x) 



1+x 2 



dx = +oo . (3) 



In 1959 L. de Branges [12] obtained a remarkable theorem for functions w which are 
positive and continuous on the real line. He proved that V is dense in C° if and only if 
for any real entire function F of exponential type all whose zeros are real and simple 
and which satisfies: 

log + \F(x) 



I 



dx < +oo , (4) 



1 + x 2 

where log + x := max{0,logx} , x > , the following relation holds: 

In 1989 B.Ja. Levin [30] extended conditions (2) and (3) to all spaces L P (R, d/i) , 
1 < p < oo , where p, is a positive Borel measure on the real line with finite moments of 
any order: 



J \x\ n dfx(x) < oo V n = 0, 1,2, ... , 
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and unbounded support. He proved that each of the conditions (2) and (3) represents a 
necessary and sufficient condition for polynomials to be dense in L p (M.,dp) where Wl w 
is replaced by 



It should be noted here that the condition (3) for p = 2 coincides with M. Riesz's theorem 
(1922) in classical moment theory [35; 36; 2, Th. 2.4.1]. 

In 1996 M. Sodin and P. Yuditskii [41] found a simpler proof of de Branges theo- 
rem and proved its validity assuming only the upper semicontinuity w on R . More- 
over, in de Branges condition (5), they have replaced the function F by an arbitrary 
real entire function B of minimal exponential type with only simple real zeros Ab C 
{iGl w(x) > } . In 1998 M. Sodin and A. Borichev [11] established a criterion simi- 
lar to (5) for polynomial density in all spaces L P (R, dp) , 1 < p < oo , under the condition 
that measure p is discrete and for some positive number a : 



In the first part of that paper we will extend de Branges condition (5) to all spaces 
L P (R, dp) , 1 < p < oo , without any additional assumption about measure p , and in the 
second part, obtain a new analytical proof of these conditions, showing their real nature 
from the point of view of extremal problems theory. 

In the first Chapter for an arbitrary function w : R — > [0, 1] , we give a complete 
description of the Banach space B^ associated with the seminormed space (Theorem 
1.1). This description, under the condition that V is dense in C° , makes it possible in 
Theorem 1.2 to characterize all functions / : { x G R | w(x) > } — > R which can be 
approximated in the seminorm | ] • | \ w by polynomials. That is why Theorem 1.2 represents 
a supplement to S. Mergelyan's theorem [32, Th.7 ] in those cases when polynomials are 
dense in the space C° . Besides that, the weighted analog of the Weierstrass polynomial 
approximation theorem is derived from Theorem 1.2 when the set { x G R | w(x) > } 
is bounded. 

In the Chapter II, Hamburger criterion of polynomial density, known in the classical 
theory of moments, has been extended to all spaces L p (R, dp) , 1 < p < oo , and C° . 

Chapter III contains a new version of M. Krein's theorem about the partial fraction 
decomposition of the reciprocal of an entire function (Theorem 3.1). Its Corollaries 3.1 
and 3.2 give a new characterization of the Hamburger and Krein classes of entire functions. 
Strictly normal polynomial families are introduced in section 3.4 and sufficient conditions 
to have such property are found in the Theorem 3.3. 

Chapter IV includes the main result of this paper (Theorem 4.1), which allows us to 
formulate conditions similar to (5) in all spaces L P (R, dp) , 1 < p < oo . 

Acknowledgements. The author thanks Professors Christian Berg, Matts Esse'n, 
Iossif V. Ostrovskii and Mikhail Sodin for the discussions and informational help which 
initiated that investigation. 

This work was done in the framework of the INTAS research network 96-0858 "New 
methods on theory of entire and subharmonic functions and their applications to proba- 
bility theory." 
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CHAPTER I. Banach space associated with seminormed space C® 



1.1. Notations. Everywhere below in this Chapter, only real linear spaces and 

spaces of real-valued functions are considered. It is worth to remind [13, 1.10.2] that the pair 
X = (C(X), \\-\\ x ) is called a seminormed space if C{X) is a linear space and is defined 

on C(X) seminorm. We will write X instead of C(X) , i.e. X = (X, \\-\\ x ) ■ Denote by X* 
the Banach space [13, 1.10.6] of all linear continuous functionals L on the seminormed space 
X , equipped with norm ||L|| := sup{|L(x)| | x G X, \\x\\ x < 1} . For two seminormed spaces 
X and Y notation X = Y indicates that X and Y coincide identically, i.e. X = Y and 
\\ x \\x = \\ x \\y ^ x ^ X ■ For two normed spaces X and Y notation X = Y means that 
X and Y are isometric, i.e. there exists such linear transformation U : X — > Y , that: a) 
U(X) = Y ; b) ||C/(x)||y = \\x\\ x \/x G X . If X = (X, \\-\\ x ) is a seminormed space then the 

normed factor space X\N X = i^X \ N x , |HIx\jv x ) wnose elements are classes 7r(x) := x + N x , 

ll 7r ( x )llx\Ar x := \\ x \\x Vx G X and N x := { x G X \ \\x\\ x = 0} is said to be [13, 1.10.2] a 
normed space associated with seminormed space X . 

Let iCK. The closure of A is denoted by A , and X a(x) := I J' X 1^' Let C(A) 



0, x £ A. 

denote the linear space of all continuous on A functions / : A — > R ; C°(A) := ^C°(A), || " II 0(^4) 

- Banach space of such bounded on A , i.e. H/Hcyai := sup |/(x)| < oo , functions / G C(A) 

" l ' xeA 

that lim f(x) = , if A is unbounded; Zq - the set of all nonnegative integers. Function 

x£A, \x\^oo 

f G C(R) is called compactly supported if it's equal to zero outside of some compact subset of 
the real line. 

For A C 5 C R and ft : 5 -»■ R symbol ft, [^ denotes the function ft f^: A -»■ R , 
ft [yi (x) = ft(x) V x G A . For every n 6 Zo , let "Pn := "P ra [R] and "P n [C] denote the sets of 
all algebraic polynomials of degree at most n with real and complex coefficients, respectively, 
and let also V := Unez V ™ > V l C ] := Unez„ ^[C] . If if : R -> R then the function M^(x) := 
lim sup 99(2/) is called an upper Bair function of ip , and S [ means <5 ^ and (5 > . 

5 i° j/e(a;-<5,x+5) 

To shorten expressions the following notations will be used: 

/ := [-1, 1]; J := (-1, 1); J := (-00, -1) U (1, +00), I R :=R I, J R :=R-J, R > . 

For nonnegative function F : R -> R+ := [0, +00) let S> := { x G R | F(x) > 0} . 

Let 53 (R) denote the family of Borel subsets of R , A4(R) - linear space of finite Borel 
measures on R and J p (/t) := L p (R,dfi) , \\f\\ P L , •> := J|/(x)| p d/x(x) , 1 < p < 00 . It should 

be reminded that every measure \i G .M(R) is regural [6, VI, Def.8.2, Ex.8. 16] and therefore for 
any positive [i G .M(R) and arbitrary A G *B(R) there exists [6, VI, (8.14)] such sequence of 
compactly supported continuous functions ip n [A,fj] : R — > [0, 1] , n > 1 , that 

lim || XA-MAfA ||r ( „) = Vl<p<oo. (1.1.1) 

For every |U G A4(R) Hahn expansion of the space (R, 25(R)) with respect to the measure \x 
will be denoted by R = R+ U R~ , where AU B denotes union of disjoint sets A and B [6, I, 
Th.16.2]. For the expansion of the measure \i G .M(R) in the sense of Jordan we will use the 
following notations: \i = ji + - //_ , fi+{A) := fi(A n R+) , fi-{A) := fi(A n R~) , VA G <B(R) , 
and \\fx\\ := |/i| (R) , where := fx + + fi- [6, 1.16]. 
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1.2. Background. For arbitrary w : R — > [0, 1] consider the seminormed space 

Cl := ({ / e C(R) | | lm^x)/^) = } , (ML ) , (1-2.1) 

where \\f\\ w := \\w ■ f\\ c{Sw) V / G C° . An obvious inequality < \\f\\ cm 

V / G C°(R) implies inclusions C°(R) C C» C C(R) and validity of the continuous 
embedding C°(R) C° [13, 0.2.9]. Since [13, IV, Ex.4.45] for every L G C7°(R)* there 
exists such fi G .M(R) that L(f) = J R f(x) dfi(x) V / G C°(R) , indicated embed- 
ding means that for any element L of the Banach space (C^) with norm := 
sup{|L(/)| | / G C°, H/IL < 1} there exists such fi L G M(R) that 

£(/) = / f(x) dpt L (x) V / G C°(R) . (1.2.2) 

In this Chapter, we describe the Banach space 5° being a completion of the normed 
space N® associated [13, 1.10.2] with seminormed space C° , give a supplement to 
S. Mergelyan's Theorem [32, Th.7], formulate the weighted analog of the Weierstrass 
polynomial approximation theorem and establish a general form of any functional in 
(C°)* , i.e. in view of (1.2.2) find a complete description of the subspace {^l} Le(c )* — 
M(R) . 

Remark 1.1. ( Mergelyan's regularity. ) Studying the polynomial approx- 
imation problem in C° S. Mergelyan suggested [32] to change the weight function w by 
its upper Bair function M w . Let us clarify what does that suggestion mean in terms of 
the seminormed spaces. It is known [33] that an upper Bair function M w be an upper 
semi continuous function [17] and the following relations hold: 

< w{x) < M w (x) < 1 V x G R ; S w C S Mw Q S w = S Mw , (1.2.3) 

Besides that for any open set G C R : 

Wf-XcL = \\f-XG\\ Mw VfeC(S w ). (1.2.4) 

Therefore the seminormed spaces C° and C° Mw coincide identically, i.e. C° = C% w . In 
spite of the available possibility to consider everywhere below only upper semicontinuous 
functions w , i.e. w = M w , we will not do so and will examine a general case w ^ M w 
using notation: 

h := M w . 



1.3. Associated normed space iV° . One can easily conclude from known 
criterion [13, 1.10.1] of the separability of locally convex spaces and from the continuity 
of functions in C° that seminormed space C° is a normed one if and only if S w = R . 

Denote by iV° := C° \ N c o (see 1.1) the normed space associated with C° . Introduce 
the normed space 

C° W (S W ) :=({ fe C(S W ) | _hm w(x)f(x) = o), \\.\\ w ) (1.3.1) 
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and corresponding two normed ones of the restrictions: C^(S W ) \s h '-— ( { / \s h f £ 
e CS(5„)} , ||j|J , C£(5„) U„:= ({/ fs. 1/ eC° w (S w )} ,\\-\\ w ). Dne to (1.2.1), (1.2.4) 
C^(S W ) = Cj^S^) and hence, C®(S W ) \s h = C®(Sh) \s h ■ It's evident, that transformations 
/ - / \ SjL , f - / \s w V / G C°(SJ determine isometric relations C° ~ C°(^) [s h 
and C^(S W ) ~ C%,(S W ) [g^ , respectively. Besides that defined by formula V(ir(f)) = f \g 
V / G C° transformation 

V : iV° - C£(S„) , (1.3.2) 

determines linear isometry (see 1.1 and [3, IV. 1.3 ]) of the spaces iV° and C^S 1 ^) . Really, 
equality \\V(n(f))\\ w = \\n(f)\\ N o = \\f\\ w is obvious and relation V(N°) = C° W (S W ) 
follows from known continuity [33, IV.4, Lemma 2] of the linear extension f c to the 
whole real line of some continuous on the closed set F C R function / . In addition if 
[4, IV.5, Th.21] interval of the kind (— oo, b) or (a, +oo) is a part of R \ F then we will 
regard: 

/ f c (b-9):=9f(b) V0e(O,l); / f c (a + 9) := 9f(a) V0e(O,l); , , 

\/ c (6-A):=0 VA>1; \/ c (a + A):=0 VA>1; { ^ ) 

respectively. Therefore 

K = C° W (S W ) = C° h (S h ) = C° h (S h ) \ Sh = C° W (S W ) \ Sw , (1.3.4) 

i.e. associated with C° normed space iV° can be identified with arbitrary indicated in 
(1.3.4) isometric normed spaces. 

1.4. Banach space 5° . 

Definition 1.4.1. Let w : R — > [0, 1] , h :— M w is an upper B air function of 

w and S h := {x eR \ h(x) > } . The space B^ is called a Banach space associated 

with the seminormed space C° if _B° is equipped with norm \\f\\ h := sup h(x)\f(x)\ 

xes h 

and consists of all functions f : Sh — *• R , which satisfy the following three conditions: 

(1.4.1) function f is continuous on the set Eys{h) '■= ^ _1 ([5, 1]) = 
= {x G R | h(x) > 5} for any 5 G (0, 1] ; 

(1.4.2) lim h(x)f(x) = , i.e. 

h(x)— >0 

> 3 5 > : {a; G 1 | < h(x) < S } C {x G S h \ h(x)\f(x)\ < e } ; 

(1.4.3) h(x)f(x) — > , i G S/i , |x| — > oo . 

If lim /i(x) = , then property (1.4.2) implies (1.4.3) and in that case property 

\x\— >oo 

(1.4.3) can be excluded from Definition 1.4.1. 
Verify now correctness of the Definition 1.4.1. 

Since h is an upper semicontinuous function then [17] all sets Ei/s(h) for 5 G (0, 1] , 
are closed and so for any / G B^ and e — 1 one can find such R > in (1.4.3) and 
5 > in (1.4.2) that \\h ■ f\\ C (j R ) < 1 , \\ h • f\\c(h-^o,8)) - 1 ' S ettin g on the supplement 
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compact Sh \ [Jr U h 5)] — IrH E 1 /$(h) the uniformly boundedness / by property 
(1.4.1). That's why < oo V/£ B° w . 

If now {f n } n> i C is a fundamental sequence in £>° then by known scheme [4, 
V.5] one can easily obtain an existence of such F : S h — > R that lim^^ ||/ n — F|| h = . 
Function F obviously satisfies conditions (1.4.2) and (1.4.3). Since for every m > 1 
and x £ E m (h) : > ^ , then \\f n - F\\ h > ± \\f n - F\\ c{Em{h)) , i.e. the sequence 

fn \E m (h)€ C(E m (h)) , n > 1 , uniformly on the set E m (h) converges to F \E m (h) and 
therefore [4, IV.2] F \ Em (h)£ C(E m (h)) . That's why F £ 5° and introduced in Definition 
1.4.1 normed space be in fact Banach one. 

It should be noted at last that as well as C° (see Remark 1.1 ) Banach space 5° 
posseses the property B^ = B Q Mw . Let now formulate the basic result of that section. 

Theorem 1.1. Let w : R — > [0, 1] , h :— M w is an upper B air function of w and 
S h := {x eR \ h(x) > } . Linear operator 

rp . /~iO nO 

1 ■ ~^ n w > 

defined by formula 

Tf = f\s h VfeC° w (1.4.4) 
isometrically and tightly embeds seminormed space C° into the Banach space B^ , i.e. 
(1.4.5a) ||T/|| fc =|l/IL V/GC» ; 

(1.4.5b) T(C%j) is a dense subspace of the Banach space B^ . 

In addition T(C°) coincides with the subspace of those functions f £ B^ , which can be 
extended to the continuous on Sh function. 

Validity of the following implication (see 1.7.2): 

3 { x n} n>0 Q S h : lim x n = x £ R, lim h(x n ) = => 

- n— >oo x n -*xo (14 6) 

=► 3F£5° : \\F\\ c{Shn{xo _ s , XQ+s)) = +oo Vo > 
allows us to characterize the following partial cases of Theorem 1.1. 

Corollary 1.1. Let w : R — > [0, 1] , h :— M w . Then 

(1.4.7) C° is a normed space if and only if Sh = R ; 

(1.4.8) The following statements are equivalent: 

(1.4.8a) Cl is a Banach space ; (1.4.86) 5° = Cl ; 

(1.4.8c) 5 h = R and 5° C C(R) ; (1.4.8a 1 ) inf a(x) > V R > ; 

(1.4.9) T/ie following statements are equivalent: 

(1.4.9a) iV° zs a 5anacn space ; (1.4.96) B Q W = C°(S W ) ; 

1.4.9c) S h = ^ and 5° C C{S h ) ; (1.4.9d) inf /i(x) > V i? > ; 

xe5 h n[-_R,R] 
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where inf := +00 



The following application of the Theorem 1.1 gives some explanation why everywhere 
above we have not assumed the upper semicontinuity of w . 

Corollary 1.2. Letw : R — > [0, 1] andM. is some dense subset of the seminormed 
space C° w . Function f : S w — > R can be approximated by elements of M. , i. e. 

Ve > 3 m £ G M : w(x) \ f(x) - m e (x)\ <e V x G S w (1.4.10) 
if and only if 3g G B° w : g \ Sw = f . 



1.5. Supplement to S.N. Mergelyan's Theorem . In [32, Th.7] S. Mergelyan 
proved that for the weight function w : R — > [0, 1] satisfying condition 

II^HIcfR) < +°° V n G Z , (1.5.1) 

either algebraic polynomials V are dense in C° or they can approximate only those 
functions / : S w — > R which can be extended from their domain of definition 5^ into the 
whole complex plane as an entire function of minimal exponential type. I. Hachatryan [14] 
gived the description of the indicated in the Mergelyan's theorem class of entire functions. 
Corollary 1.2 implies the following supplement to the Mergelyan's theorem when algebraic 
polynomials V are dense in C° . 

Theorem 1.2. Let w : R — > [0, 1] satisfies conditions (1.5.1), M w be an upper 
Bair function of w and algebraic polynomials V are dense in . Then the function 
f : S w — > R can be approximated by polynomials, i.e. 

3{P n } n>1 C V : lim sup w(x) \P n {x) - f(x)\ = 0, 

— n—>GO „.rz Q 

if and only if that function can be extended into the set Sm w as a function 
f '■ Sm w R ; satisfying the following conditions: 

(1.5.2) for every m > 1 / is a continuous function on the closed set 
{xeR\ M w (x) > ±} ; 

(1.5.3) \im Mw ( x) ^o M w (x) ■ f(x) = , i.e. V e > 3 5 >0 : 

{x G R I < M w (x) <5} C {x G S Mw I M w (x) ■ \f(x)\ < e} . 

If S w is a bounded set then conditions (1.5.1) are obviously true and by Weierstrass 
approximation theorem algebraic polynomials V are dense in C° . That's why for arbi- 
trary weight w : R — > [0, 1] with bounded set S w conditions (1.5.2) and (1.5.3) give the 
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weighted analog of the Weierstrass polynomial approximation theorem. It is interesting to 
note also that for the weight w(x) = yl — x 2 ■ X[-i,i](x) conditions (1.5.2) and (1.5.3) are 
equivalent to / G C((— 1,1)) and lim yl — x 2 f(x) = . This fact is known and can be 

|x|-»l 

found in [28] where according to these two conditions the subspaces of known spaces B r 
were introduced. 

1.6. General form of the functionals in (C°)* . To prove the main theorem 
of that section the following version of known M. Krein's lemma will be necessary [37]. 

Lemma 1.1. Let (X,p) be a seminormed space and K C X is a normal cone, i.e. 
convex set K satisfies: A • K C K VA > and p{x) < p(x + y) V x,y G K . If X* 
is a Banach space conjugate to X then for K* := {x* G X* \ x*(x) > Vrr G K } the 
following equality holds: 

K* — K* = X* 

It should be noted that in [5] a necessary and sufficient condition for the validity of 
more general equality (K\ n K 2 )* = K^ + K^ has been established and a notion of normal 
pair of cones (K ± , K 2 ) of transfinite order a has been introduced. Now we can formulate 
the main theorem of this section. 

Theorem 1.3. Let w : R — > [0, 1] , M w is an upper B air function of w and 
Sm w '■= {x G K | M w (x) > } . If L is a linear continuous functional on the seminormed 
space C° then there exists such measure ji e JA(fii) , that (M \ Sm w ) = and 

L(f) = J M w (x)f(x) dn(x) V feC° w . (1.6.1) 

E 

For arbitrary fi G Ai(M) defined by formula (1.6.1) functional L is linear and continuous 
on the seminormed space C° with \\L\\ = \(J>\(Sm w ) ( s ^e 1.1). 



1.7. Proofs. 

1.7.1. Proof of Theorem 1.1. Equality (1.4.5a) follows from (1.2.4). Prove 
now that T(C°J C B° w , where T(C°) = {/ \ Sh \ f E C° w } =: C° w \ Sh . If g = f \ Sh , 
f G C^j , then conditions (1.4.1) and (1.4.3) for function g are realized. Let us prove 
that g satisfies property (1.4.2). For given e > one can find by (1.4.3) such R(e) > 
that: HMIc^nJ^) < e • Denote C(e) := \\g\\ c{Sh m R(e) ) < Wf\\c(s h m R{E) ) < 00 ■ Then 
the number 6(e) := e/C(e) > in view of HMc(h-W( e ))ni H(e) ) - 5 ( £ ) C ( £ ) = £ wiU 
be required for the validity of (1.4.2), i.e. g G B^ . In addition proved in 1.3 equality 
C° w \s h =C° w (S h ) yields 

T(C°J = C° w \ Sh = C° w (S h ) \ Sh C B° w , (1.7.1.1) 
and to finish the proof it is remained to show that C° \s h is dense in . 
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Consider an arbitrary / G , e > and prove that there exists such f £ G that 
11/ _ fe\\h — 2£ • Property (1.4.2) admits to find such positive integer m > 1 that 

{ x G R | < < £ } C{iG4 I h(x)\f(x)\ < e} ; ^ 



where (see (1.4.1)) E p := E p (h) Vp > 1 . 

Since / is a continuous function on the set E m 2 , then by means of indicated in 1.2 
method we extend / into the whole real line obtained f £ G C° . Let us prove that 

||/-/eiU<2£. (1.7.1.3) 

Since for x G S h \ E m , : < h(x) < ± < £ , then by (1.7.1.2): ||/ - / e || h = 

IIM/-/.)II c{s h \E m2 ) - 6 + H^ e llc(s h \f; m 2) and tnerefore for tne validity of (1.7.1.3) it is 
sufficient to prove that 

\\hfe\\ m \E m2) < * ■ (1-7.1.4) 

Inequality (1.7.1.4) is trivial if E m 2 = R . But if R \ £ m 2 ^ then R \ E m ^ and by 
(1.7.1.2) R \ E m ^ R . Consider an arbitrary x G R \ £ m 2 Cl\£ m . Such x belongs 
to one of the forming [4, IV.5, Th.21] open set R \ E m interval (a, b) and moreover 
x G (a k ,b k ) C (a, 6) \ £ m 2 , where (a, 6) \ £ m 2 = U?=i( a *A) , a fc ,6 fc G £ m 2 U {±00} , 
1 < Q < 00 . 

Assume that (a k) b k ) is a bounded interval. Then 39 G (0, 1) : x — 9a k + (1 — 9)b k) 
and 

Kx)\f e {x)\ < 9h(x)\f(a k )\ + (l-9)h(x)\f(b k )\ . (1.7.1.5) 

If a fc > a , then fl ft el\£ mi /i(x) < ^ < h(a k ) < ± and by (1.7.1.2) h(x)\f(a k )\ < 
h(a k )\f(a k )\ < e . If a k = a then a k G £ m and h(x) < -\ < , whence in view 

of (1.7.1.2): /i(x)|/(a fc )| < — /i(afc)|/(afc)| < < £ . Performing the same estimate for 
h(x)\f(b k )\ we obtain from™ 1.7. 1.5) h(x)\f £ (x)\ < e . 

Assume now that (a k , b k ) = (a k , +00) . Then by (1.3.3) for x = a k + 9 , 9 G (0, 1) : 
h(x)\f e (x)\ = 9h(x)\f(a k )\ , and for x > a + 1 : f £ (x) = . Since E m 7^ , then 
(a, b) 7^ R and hence, in that case (a, 6) = (a, +00) . Estimated h(x)\f(a k )\ as well as it 
has been done above for the case of bounded interval (a k , b k ) we will get h(x)\f £ (x)\ < e 
again. 

The case (a k ,b k ) = (—oo,b k ) can be considered in just the same way. That's why 
inequality (1.7.1.4) together with Theorem 1.1 is proved. 



1.7.2. Proof of implication (1.4.6). Without loss of generality one can 
consider that the sequences y- := h(x n ) > , and \x n — x \ , n G Z , are decreasing. Let 
as in 1.7.1 E x :— E\(h) for A G [1, +00) . Since x n+ i G R \ E\ n Vn G Z , it is possible 
to find such sequence {S n } n>1 of positive real numbers that x n+ i + 5 n+ il C R \ E Xn 
\/n G Z and the sets {x n + S n I} n>1 are disjoint. Set 

F(x) := >/&*(*) , a k (x) = (l - ^-^ ) X i (^P) , * > 1 ■ (1-7-2.1) 

fe>l \ k / \ k / 



10 



Equalities F(x k ) = sj \k-i VA; > 1 imply II^Hc-rs^nfxo— <J a;o+<5)) = ^ > • ft remains 
to prove that F G £?° . Since x n+ i +p + 5 n+ i +p I Cl \ -Ea„ +p Cl\ E A „ Vn, peZ then 
for every n > 1 : 

/c=i 

and consequently, property (1.4.1) for F is fulfilled. Validity of (1.4.3) is obviuos. Let us 
show that F satisfies (1.4.2). Really for any n > 1 inequalities < h(x) < y- yield 



ah(x) min 



k>l 



\f Afc-i A n j ^/A^ 



what means the validity of (1.4.2). That is why F G B^ and implication (1.4.6) is 
proved. 



1.7.3. Proof of Corollary 1.1. Correctness of (1.4.7) was proved in 

1.2. Implications (1.4.8b)=>>(1.4.8a), (1.4.8c)=^(1.4.8b), (1.4.9c)=^(1.4.9b) are evident and 
(1.4.9b)=>-(1.4.9a) follows from (1.3.4). 

(14-8a)=>(14.8c). Since C° is a normed space then by (1.4.7) R — S w — S h 
(see (1.2.3)). Besides that by Theorem 1.1 T(C°) = C° \s h — B^ . Then assumption 
Sh \ Sh 7^ together with upper semicontinuity /i and (1.4.6) leads to a contradiction. 
That' why R = S h = S h and 5° = C° w C C(R) . 

(14.8c)^(14.8d). If 3i? > : inf^^R] = , then (1.4.6) yields S h ^R or 
Bl \ C(R) ^ in the case S h = R. 

(14. 8d)=>(14. 8c). If for any R > : 1/A(i2) := m£ xelR h(x) > , then S h = R 
and J fl C E X ( R )(h) \/R > . Therefore for arbitrary / G 5° : / G C(/ R ) Vi? > , and 
hence, 5° C C(R) . 

(14.9a)^(14.9c). Due to (1.3.4) and (1.7.1.1): B° w = C°(S_ h ) \ Sh ■ _An upper 
semicontinuity of h and (1.4.6) give S h = S h and hence, B^ = C^(S h ) C C(S h ) . 

(14.9c)=,(14.9d). If 3/2 > : ^ n J fl ^ and inf^n/* /i(x) = , then S h ^ S h 
or Bl \ C{S h ) ^ in the case = S h by the property (1.4.6). 

(14.9d)^(14.9c). Let 1/A(i2) := inW^ h{x) > VR>R , where 5 ft n / Ro ^ 
. Then for such values of R : IrH Sh Q E\(R)(h) and by the closure of E\^(h) : 
I R nS h C Ex (Rl) (h) CS h V/?! > R > R . Therefore S A = S ft and for any / G 5° : 
/ G C(J fl n S h ) VR> R . That is why B Q W C C(^) and Corollary 1.1 is proved. 



1.7.4. Proof of Corollary 1.2. 

Necessity. If some / : S w -> R satisfies (1.4.10) then for e = ± , p > 1 , we obtain 
from there fundamental sequence { m i/p} p>1 ^ C° = C° , /i : = M w , being mapped by 
transformation (1.4.4) onto the fundamental sequence in Banach space whose limit 
g G Bl due to (1.2.3) satisfies: g \s w — f ■ 

Sufficiency. Assume that 3g G £>°: g \s w — f ■ Then by Theorem 1.1 the set 
M. \s h = T(M) will be dense in Banach space S° . That is why those elements of M. \ Sh 
which approximate g in B^ in view of (1.2.3) will approximate / on S w C Sh in the 
sense of (1.4.10). Corollary 1.2 is proved. 
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1.7.5. Proof of Lemma 1.1. It is easy to verify that the closure K in X will 
be a normal cone and (K)* = K* . That is why we may consider that K is a closed cone. 

Following well-known scheme of [37, I, Ex. 2a] let us examine any subspace Y C X 
which is an algebraic complementary subspace to iV := {x <E X \ p(x) = } and for 
arbitrary x G X in its representation x = n + y,n<EN,y<EY, denote Pyx :— y . It 
follows from the closure of K and an obvious equality 

p(x + n)=p(x) WneN \/x G X , (1.7.5.1) 

that 

Py(K) = KC)Y, K = N + K HY , (1.7.5.2) 

and cone KC\Y is a normal one in the normed space (Y,p) . Thus, by M. Krein's lemma 
(see[37]) 

Y* = (Y n Kf - (Y n K)* . (1.7.5.3) 

Now for any L G X* equality := sup{|L(:r)| | x G X, p(x) < 1} implies L(x) = 

V x G N and so defined by formula l(y) := L(y) V y G Y functional / will be an element 
of Y* . According to (1.7.5.3) I = h - 1 2 , k G Y* , k(Y n K) > , % G {1, 2} . Extending 
each functional ^ onto the whole space X by formula := li(Pyx) with the help of 

(1.7.5.1) we get G X* and < L f (7ni() = Lj(JV + ynif) (1 ' = ' 2) L^K) , i G {1,2} . 
That is why L = L\ — L 2 , Li, L 2 G K* , as was to be proved. 

1.7.6. Proof of Theorem 1.3. Since C° = C Q Mw then it is sufficient to prove 
the statement of theorem only in the case when function w is upper semicontinuous on 
R . 

Let L G (C°)* and K be a cone of all nonnegative on the real line functions from 
C° , which is a normal one in the seminormed space C° . Using Lemma 1.1 we can find 
such L + , L_ G (C°)* , that 

L = L + -L_ , L+(X) > 0, L_(X) > . (1.7.6.1) 

Formula (1.2.2) allows us to find measures G (M.) , relevant to the functionals 

L, L + , L_ . Exploiting regularity of the measures in A4(M) and density of all compactly 
supported continuous functions in the spaces Li(u) , v G + } (see 1.1), 

it is easy to verify that — ~ I 1 ! an d measures are positive. 

Consider now an arbitrary measure v G {/i^,^} and corresponding functional L v G 
L-} , that for any / G C°(R): ' 

L„(/) = y /(x)^(x); II^H := sup{|L I/ (/)| \f G C°, < 1} < oo. (1.7.6.2) 

R 

Since for arbitrary e > function + w(x)) is lower semicontinuous then using the 
known fact from [17, 1, Th.1.4] we get a nondecreasing sequence of positive and continuous 
on the whole real axis functions ip^(x) , n > 1 : lim^oo <p e n {x) — l/(e + w(x)) Wx G M. . 
Setting 

w £ n (x) := e~£(p £ n (x) ,n>l,iGR, (1.7.6.3) 
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and taking into account ||<^llc(R) — > we obtain w £ n G C°(R) , < 1 , 

< w £ Jx) < wi +l (x) < l —— Vn>l; lim w £ Jx) = 1 —— ViGl. (1.7.6.4) 

€ + w(x) n^oo e + w(x) 

By (1.7.6.2) j R w^{x) dv(x) < \\L V \\ \/n > l\/e > , and according to Beppo-Levi theorem 
v(M.\S w ) = , \jw G Li(u) , \\l/w\\ Li ^ < \\L U \\ . That is why measure 

p(A) := [ -4t du(x) WA g B(R) (1.7.6.5) 
J w(x) 

A 

will be positive measure in Ai(M.) , p(M.\S w ) = and ||p|| < \\L U \\ . An evident inequality 
< p{A) G B(R) due to Radon-Nikodym theorem means that there exists such 
a G Li(p) that 

v(A) = J a(x) dp(x) V A G fi(R) , (1.7.6.6) 

A 

and also < a(x) < 1 almost everywhere with respect to measure p . Using changes of 
variables theorem [6, V.3], (1.7.6.5), (1.7.6.6) we get v(A) = f A ^dv(x) VAe B(R) , 
from where a(x) = w(x) almost everywhere with respect to measure v , and by mutual 
absolute continuity of the measures v and p : a(x) — w(x) almost everywhere with 
respect to measure p . Therefore v{A) = J A w(x)dp(x) V A G B(R) and due to (1.7.6.2): 

L u (f) = j w(x)f(x) dp{x) V / G C°(R) . That equality in view of density C°(R) in the 

R 

seminormed space C° and according to the continuity of both its sides can be extended 
to the whole C° : 

M/) = f w{x)f(x) dp(x) V feCl; p(R\S w ) = 0. (1.7.6.7) 

R 

Denoting constructed measures p by /i + and yU~ when v equals to p\ and //£ , 
respectively, and setted p := p + — p~ , we will get the required representation (1.6.1) 
taking into account \p\(R \ S w ) = . 

Since the inverse statement of the theorem and inequality ||L|| < \p\(S w ) are evident 
to finish the proof one need to show only that ||L|| > \p\(S w ) . 

Taking a Hahn expansion R = R+ U R~ with respect to measure p (see 1.1) and any 
R > we rename introduced in (1.1.1) functions by: 



K 



r ■= i>n[ J R n R+, iA ; ^ n , R '■— ipn[iR n R M , p] , n > 1 . 



Then in view of (1.7.6.3),(1.7.6.4): G C°(R) , ||< • « fl - ^)|L < 1 

Vn, m>l,i?, £>0, and by definition of the norm (see (1.7.6.2) and 1.1): 

||L||> Jw(x)w £ m (x)(K+ R (x)-K- R (x)) dp(x) Vn,m> l, J R,e>0. (1.7.6.8) 
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Passages to the limit in (1.7.6.8) as n — > oo with regard to (1.1.1) and then asm^oo 
and e I using Beppo-Levi theorem, give us (see 1.1): ||L|| > \p\(Ir fl S w ) V R > , 
i.e. ||L|| > \fi\(S w ) . Theorem 1.3 is proved. 



CHAPTER II. Hamburger criterion of the polynomial density in 

and L p (/i) , 1 < p < oo 



2.1. Notations. Let C*(R) denote the collection of all nonnegative upper semicon- 
tinuous on the whole real line functions w satisfying condition Ha^wH^^ < +oo V n G Zo 
and .M*(R) - the set of all positive measures p G .M(R) which have all finite moments 
f R \x\ n d(i(x) < oo Vn G Zq and unbounded support supp/U := {x G R | p{x — 5, x + 5) > 
V 5 > } . 

In order to abridge notations in this chapter introduce R* := {*} U [1, +oo) and for p G 
C*(R) rename introduced in (1.2.1) C° = (c°, by L*(/x) := (l*(/x), ||-|Il,( m ))- That is 

why consideration L a (p) for 1 < a < oo will mean that p G M*(M) , but for a = * it will signify 
under our stipulation that p G C*(R) . For every a G R* complex spaces in contrast to the real 
ones L a (p) will be denoted by L c a (p) . As well as in Chapter I: = {x G R| /x(x) > } for 
^GC*(R). 

Denote for a G R* and z G C : 

M«(/i,z) :=sup{|p(z)| | ||p|| La(At) < 1, v^V n [C) } , n G Z , (2.1.1) 

:=inf{||p|| La(/l) | |p(z)| =1, p£P n [K] } , n G Z , (2.1.2) 
M a (/i,z) := lim M%(p,z) ; p a (M,*) == I™ (%(ji,z) . (2.1.3) 
It easy to verify that 

= «p{bMI | IIA. M * LP * • ^ S ') £ 

Introduce 

f d/x Q (x) := ( 1+ \ x \ )a dfi(x) ; dp${x) := (1 ^ | )Q ^(x) ; 1 < q < oo, p G .M*(R) ; 
\ //*(x) := ^/z(x) ; M i 2) (x) := ^//(x) ; // G C*(R) . 

Restricting the polynomial class in (2.1.1) and (2.1.4) to the vanishing at zero polynomials we 
get for z G C , n > 1 and a G R* : 



M%(p a ,z) > \z\ M^p^.z) ; p^{p { a\z) > \z\ p%(p a ,z) ; 

M a (n a ,z) > \z\ M a (n ( a\ z) ; p a {{la\z) > \z\ p a (p a , z) . 



2.2. Background. Functions p n (z) := M2( ^^ , n G Z , were introduced by 
H. Hamburger [15] in connection with the investigation of an indeterminate moment 
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problem. These functions were used by M. Riesz [35] to obtain the criterion of the 
polynomial density in L 2 (p) • For a = * and discrete set function M*(p,z) was 
introduced by T. Holl [19] and for an arbitrary /i G C*(R) - by S. Mergelyan in [32]. 
B.Ja. Levin [30] generalized these results in the following statement a simpler proof of 
which was found recently by Ch. Berg [8]. 

Proposition 2.1. ([30]) Let a e R* . IfV[C] is dense in L c a (p) then M a (p a ; z) = 
oo V z G C \ supp/x . If 3z G C \ supp/i M a (/i a ] z) = oo , then V[C] is dense in 

/-;,(/') ■ 

Denote by C\ose La ^)A the closure of A C L a (p) in the space L a (p) . It is known and 
it can be easily seen from the Proposition 2.1 and (2.1.4) that V[C\ is dense in L° a (p) if 
and only if P[R] is dense in L a (p) . That is why everywhere below we will examine only 
real case and use the following statement. 



Proposition 2.2. ([30; 2, Th.2.3.2]) Let a e R* . The following statements are 
equivalent: 

(2.2.1a) Close L a {n)P = L a (p); (2.2. Id) 3z G C \ suppp : p a (p a , z) = 0; 
(2.2.16) Close L = (M) P[C] = i^(/i); (2.2.1e) p a (^ a , z) = Vz G C \ supp/i ; 
(2.2.1c) ^ e Close L , M P[C] ; (2.2.L?) ^ G Close ia(/l) P . 



H. Hamburger in [15] established another criterion of the indeterminacy of a moment 
problem a simpler proof of which was given by M. Riesz [36]. This criterion can be 
formulated as follows: 

C\ose L2M V ± L 2 (fi) p 2 (/i 2 , 0) > and p 2 ($\ 0) > . (2.2.2) 

Succeeding Berg's proof [8] of the Proposition 2.1 and using Theorem 1.3 we will extend 
here criterion (2.2.2) to all spaces L a (/i) , a G M* , designated 

p a M := pZ(n, 0) , n G Z ; p a (p) := p a (p, 0) , a G K* . (2.2.3) 



2.3. Main Theorem. 

Arbitrary change of zeros of some polynomial p G V[C] by the complex conjugate 
ones gives the polynomial set n(p) containing only one polynomial p* G n(p) all zeros 
of which lie in the lower complex halfplane C~ :={zGC | Imz < 0} . It is evident that 
\q(x)\ = \p(x)\ Wx G R V q G 7r(p) , and therefore for any a G R* : IMI^^) = lbllz, a ( M ) 

V q G 7r(p) . Besides that for arbitrary a G R and y > : |p*(a + > |?(a + iy)\ 

V o G 7r(p) , and |p*(a + iy)\ is a nondecreasing function of y > . That is why for any 
a G R* , ra G Z , a G R and y > : 

M„ a (/i,a + 7 2 /) = sup{b*(a + ^)| | ||p|| L&M < 1 , p G P n [C] } , (2.3.1) 

and M"(/i, a + iy) is a nondecreasing function of y > . Thus, an obvious equality 
M"(/i, z) = M"(/j, z) G C implies validity of the following statement. 
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Proposition 2.3. For arbitrary a G R* , a G R and n G Z functions M%(p, a + 
iy) , M a (/i, a + iy) of the variable t/6l are even on R and nondecreasing on [0, +00) 
and, in particular, 

< M a (fi,x) < M a (fi,x + iy) V i,!/6l,aGK* , (2.3.2) 



p a ((i,x 



where jjj := +00 and +00 < +00 



The following criterion of the polynomial density in L a {p) , « 6 1* , is the main result 
of that Chapter. 



Theorem 2.1. (Hamburger local criterion) Let a G R* . Algebraic polynomials V 
are not dense in L a (p) if and only if 

p a (p a )>0 and p a (/ii 2) )>0, (2.3.3) 

(2) 

where fi a > fta we defined in (2.1.5) and (see 2.1) 

p a (u)=mi{\\p\\ La{u) |p(0) = l, per) , ve{p a ,^} , (2.3.4) 



2.4. Proof of Theorem 2.1. 

2.4.1. Sufficiency. Let ael' and (2.3.3) is valid. Then /Xq ^ and consequently, 
5 M \ {0} ^ , if a = * , and supp/i \ {0} ^ , if a G [1, +oo) . Due to (2.1.4) 



|p(0)|<^7=^; |p(0)l < " i# "^°!f >) VpGP. (2.4.1) 

By Hahn-Banach theorem, (2.4.1) and Theorem 1.3 there exist such f a G Lp(p a ) \ {0} , 
g a G Lp(pa^) \ {0} , if a G [l,+oo) where a , (3 are dual exponents, and such k, 7 G 
M(R) , > , |«|(R \ S„) = , | 7 |(^ \ {0}) > , | 7 |(R \ ( S, \ {0}) ) = , if 

a — * , that respectively to the considered cases: 

p(0)= [ p(t)f a (t)dp a (t) = [ p(t)g a (t) d$\t) VpeP, (2.4.2) 
Jr Jr 

P(0) = / V*(t)p(t) dK(t) = [ ^\t)p(t) d 7 (t) VpGP. (2.4.3) 

Consider at first the case ct = * . According to the notations (2.1.5) equality (2.4.3) can 
be rewritten in the following way: 

p(0) = / p(t)p(t) dK.it) = [ p(t)p(t) d^\t) Vp G V , (2.4.4) 
Jr Jr 
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where, obviously, Ki,^ G M(M.) . Applying left equality (2.4.4) to the polynomials 
vanishing at zero we get: 

= fi(t)p(t) d «(t) VpeV, d 7Z(t) := t dK(t) . 
Jr 1 + \t\ 

If \k\{S^ \ {0}) > then by Theorem 1.3 k G L*(//)* \ {0} and therefore Close^T* ^ 
L,(/i) . If \k\(S^ \ {0}) = , then G S M and |k|(R \ {0}) = but by (2.4.3) 
dn = (l//i(0))<5 , where 5 - Dirac's measure [13, 4.4.1] at the point . That is why it 
follows from (2.4.4) that 

= / fi(t)p(t) d( Kl (t) - 7 f } W) Vpe?, 

Jut 

and in addition (k\ — 7i^)({0}) = l//i(0) . This means due to Theorem 1.3 and G 
that Ki — '-/^ G \ {0} and hence, Close^^P 7^ • 

Let now a G [1, +00) . Applying left equality (2.4.2) to the vanishing at zero polyno- 
mials we get 

If (see 1.1) fJ,(S\ fa \ \ {0}) > then ( ffiffi n G I^/i) \ {0} and consequently, Close La(jti )7 3 7^ 
LM . But if /x(5| /a | \ {0}) = then /i({0}) > , G S| /a , and by (2.4.2): ^({0}) = 
V/a(0) > . Equalities (2.4.2) yield: 

0= f P (t)<p a (t) dnit) VpeP, ^(0 = /a(/j_|/| "' 7 ' ,(f) 



(i + |t|)° 

It is easy to verify that (p a G ^(/i) and if dfi := d/x — j-^y • 5 then for arbitrary e > : 

+£ 

Iballtoo > y MOI^MO + jjfiM )? * Uof- 1 > 0, 



if a > 1 , and llviH^^) — fa(fy > , if a = 1 , i.e. ip a G Lp(/i) \ {0} and hence, 
C\ose LaM V ^ L a (n) . 

2.4.2. Necessity. Let a G R* and Close^^P 7^ L a (/i) . Then by Hahn- 

Banach theorem and Theorem 1.3 for a G [1, +00) there exists such g a G Lp(fx) \ {0} , 
1/a + l/P = 1 , that: 

J p(t)g a (t) dfi(t) = VpeV, (2.4.5) 

R 

and if a = * then 3 7 G .M(R) , ItK-^) > , |7|(R\^) = : 

y n{t)p{t) d~f(t) = V p G 7> . (2.4.6) 
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Under these conditions function 



ip a {z) :-- 



9a{t) 
t - Z 



dp(t), if 1 < a < +00 ; Lp*(z) :-- 



t-z 



dj(t), if a = * ; (2.4.7) 



is analytic on C\R and not identically zero. Thus, 3X a G [1,2] : ip a (i\ a ) 7^ . Besides 
that it is easy to derive from (2.4.5) and (2.4.6) that for any z G C \ K. and p G V[C] : 



p(z)ip a (z) :-- 



j ESJfcW d „ (t) , 1 < a < +00 ; p(^. W := / *M>. *,(*), a = * ; 
J t — z J t — z 



Setted in (2.4.8) z = iA a we get for a G [1, +00) : 

l/a 



\p(iK)\ < 



and for a = * : 



W9a\\L (ji) 
\<p a (iX a )\ 



\t-i\ a \ a 



d/i(t) 



< 



V2\ 



9a\\ Lfl ( /t ) 



\(f a (i\ a ) 



INI 



(2.4.8) 



(2.4.9) 



|p(*A Q )| < 



Mm*) 



1 + 1*1 ,1 1 / \/2 II7II ,, 

' rf l7lW<^77V^IHL,^) 



\t — i\> 



(2.4.10) 



Thus, M a (/i a ,i\ a ) < 00 and by (2.3.2): l/p a (f/, a ) < M a (/i a ,i\ a ) < 00 , what together 
with arised from (2.3.2) and (2.1.6) inequality 

l -r^- < M a (p^\i\ a ) < -^—M a (fi a ,i\ a ) < 00, 



gives validity of the inequalities (2.2.2). Theorem 2.1 is proved. 



CHAPTER III. Hamburger and Krein classes of entire functions 



3.1. Notations and Definitions. A function / : C — > C is said to be of exponential 
type if |/(;z)| < Ce CT l z l Vz G C for some a, C > , and of minimal exponential type if 

Ve > 3 C £ > : \f(z)\ < C £ e £ ^ V z G C . (3.1.1) 

Let £,£i,£q denote the sets of all entire functions, entire functions of exponential type and 
entire functions of minimal exponential type, respectively; Af - the set of all zeros / G £ ; 
Closed - the closure A C £ with respect to topology T£ of the uniform convergence on all 
compact subsets of C ; Close La ^A - the closure A C L a (fi) in the space L a (p) , qGR* (see 
2.1); degP - degree of the polynomial P G V[C] ; a V 6 := max {a, 6} , a, 6 G R ; coA - convex 
hull of A C C ; cardi? G Zq U {00} - number of elemens in the set B . Function / G £ is said 
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to be real if f(R) C R . For n € Z and X G {V n ,V,£,£ 1 ,£ } let X(R) denote the set of real 
functions from X with real zeros only and - the set of real functions / G X all zeros 

of which are real, simple and /(0) = 1 . The sets of real functions from V,£ with only real and 
simple zeros will be denoted by V S (M.),£ S (M) , respectively. 

Let us remind that [30, VIII. 1] the set A C £ is said to be normal if Closer A is a compact 
set with respect to the topology T£ or, what is the same [26, IV. 41, 11.20; 37, 1.6.1], if any 
sequence in A contains the convergent subsequence with respect to the same topology T£ . 

3.1.1. Cartwright class. The set of entire functions / G £ i satisfying inequality 

/ + dt < °° ' l0g+X := ° Vlogx ' x ~ ' ( 3 - L2 ) 

is called the Cartwright class and will be denoted by Cartwright . Each / £ Cartwright is an 
element of so-called (A) class of entire functions, i.e. X^AeA/\{o} |-^ m ll < 00 > anc ^ satisfies [29, 
V.4, Th.7] the stronger inequality: 

*<oo . (3.1.3) 



1 + i 2 

R 

It is known also [29, V.6, Th.13] that / G Cartwright n £(R) has the following representation: 
f(z)=c-z m lim II' (l-^) , zGC, cGM\{0}, mGZ , (3.1.4) 

R^+oo - LJ - V A J 

Ae(-R,R)n(A / \{0}) 

and there exist the finite limits: lim card ( A / n [°'^]) _ ^ m caxd(Ajn[ R,o]) 

R^+oo H R^+oo u 

S f := lim S f (R); S f (R) := £ ±. (3.1.5) 

R— >+oo ^— — ' A 

Ae(-R,R)n(A / \{0}) 

It is worth to remind that Lindelof and Hadamard's [29, I] theorems for any / G £o(K) & ve an 
existence of the finite limit (3.1.5), equality Sf = and validity of the representation (3.1.4). 

3.1.2. Krein class. According to [2, III] and [25] (see also [8, 9, 7, 39]) function / G £ S (R) 
is said to be a function of Krein class K, if its reciprocal can be represented as a series of simple 
fractions: 

where A n ^ 0, A, B, A n , X n G R V n > 1 and J2 l 44 < oo . 

n>i An 

3.1.3. Related to the Krein class definitions. For every / G £ S {R) define 



d f := inf { Q eZ\ ^ l/^HAI^ 1 < °° 
AeA/\{0} ^ Wl 11 



> , (3-1.6) 
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considering inf := +00 . If / G £ 8 (M) and df < +00 , then for every p £ Z , p> df one can 
introduce entire function: 

and meromorphic function: 



m ^ ):= m^ + ^^l7R"7 7 (o)^J (0)+ ^ 

^ W fc=0 WW J V V / AeA/\{0} 



Ap/'(A)(*-A) 



,z£ C, (3.1.8) 



where ]T] := . 
k=0 

3.1.4. Hamburger class. Hamburger in [16] defined the class H of entire functions 
/ G £ S (R) , satisfying the following two conditions: 

(3.1.9a) ^ = j^ij-jy, z£C\A /; 
(3.1.96) £ 1^ < 00 V n 6 Zq . 



AGA f 



3.1.5. Laguerre-Polya class. We will consider below a certain subclass of the well- 
known second Laguerre-Polya class [21, p.336; 18, III.3, Def.3.1; 29, VIII; 27]: 



CVn := { 

namely, 



be a 



- -^)e^ I o,cGR, 6, A n G R \ {0} Vn > 1, ^ < 00 I , 



n>l 



n>l 



be az JJ (1 - ^)e^ I a G R, 6, A n G R \ {0} Vn > 1, ^ < 00 



n>l 



n>l 



(3.1.10) 



3.2. Normal polynomial families in L p (p,) . 

3.2.1. It follows from the definition of M Q (/i, z) that for every aeR* the following 
implication holds: 

p e V[C] , \\p\\ LcM < 1 \p(z)\ < M a {n,z) V^GC. (3.2.1) 

Inequality (3.2.1) become essential when Close^^T 3 7^ L a {p) . It is known that in this 
case (2.4.8), (2.4.9) and (2.4.10) imply the uniform boundedness of M a (/i,z) on any 
segment of the form ia + b • I , a € M. \ {0} , b > , which also does not include any 
zero of the defined in (2.4.7) function tp a (z) . In view of the Proposition 2.3 this means 
the uniform boundedness of M a (/i,z) on any compact subset of the complex plane C . 
Thus, by virtue of Vitali's classical compactness theorem and (3.2.1) we deduce that each 
subset 
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VM :={ P eV | \\p\\ LaW < 1 } , V C M := { P e V[C] \ \\ P \\ LM < 1 } , (3.2.2) 

is normal and so their closures £ a (n) : = C\ose£V a (n) , £q(/-0 : = Close,fP^(/i) are compact 
sets in the topology Tg and moreover 

|/(,)|<M a (/,,z)V,GC V/G^(/i). (3.2.3) 

Inequality (3.2.1) for a = 2 was indicated in [38, Th.2.5] where also the problem 
about the complete description of the set S^(fi) was raised. In addition, known 
M. Riesz's theorems [2, Th. 2. 4. 1,2. 4. 3] assert that the function M a ((j,,z) for a = 2 
is of minimal exponential type and inequality (3.1.2) holds for f(t) = M a (n,t) there. 
These two properties of M Q (/i, z) were proved for a = * by S. Mergelyan in [32] and for 
arbitrary a6l* - by B.Ja. Levin in [30]. 

Observe, that for arbitrary a G R* condition (3.1.2) for f(t) = M a (fi,t) in view of 
the evident lower bound: 



1 v , ^ f , 1 < a < oo: ,„ n 

I llMllcfm ' « — *) 



is equivalent to the condition (3.1.3) with the same f(t) . In the next item 3.2.2 we will 
prove the following statement using proofs from [32, item 13] and [2, Th.2.4.3]. 



Proposition 3.1. ([30, 32, 36, 2]) Let a e R* and C\ose LaM V ^ L a (fi) . Then 
function M a (/i,-) : C — > (0, +oo) is of minimal exponential type and inequality (3.1.3) 
holds for f(t) = M a (n, t) . 

That is why Proposition 3.1 together with inequality (3.2.3) shows that for arbitrary 
«6l* incompleteness of V in L a (fj) means that 

£l(n), S a (n) C S n Cartwright (3.2.5) 

and therefore in that case polynomials can approximate in the space L a (/j,) only those 
functions which from their domain of definition in L a (fi) can be extended into the whole 
complex plane as an entire function of minimal exponential type from the Cartwright 
class. 

3.2.2. Proof of Proposition 3.1. 

Let a6l* . Since M a (A • /i,z) — j-M a (fj,, z) VA > , then without loss of generality 
one may consider ||/i|| Q = 1 . By Proposition 2.3 and (3.2.4) to prove inequality (3.1.1) it 
is sufficient to show that: 

Me > 3C e > : log \M a (n, z)\ < C £ + e\y\ \/z = x + iyeA, (3.2.6) 

where A := {z G C | y > 2 + \x\ } . But defined in (2.4.7) function (p a (z) is uniformly 
bounded in Imz > 1 and so by known corollary of Jensen theorem [22, IV. D, VI. C]: 

pj2^mh dt<00 , ,3,. 7) 

K 
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for ip(t) = ip a (l + it) ,tGl. Using the similar to (2.4.9) and (2.4.10) estimates one can 
easily obtain an existence of such constant C a > that: 

\p(l + it)\ < $(f) V t G K V p G V C M , (3.2.8) 

where: 

$(t) := , ^ a , x , VtGR. (3.2.9) 

Since (3.2.7) is valid and for ■*/> = $, then using the Poisson formula [29, V.2, Th.4] for 
the harmonic in \mz > 1 function \ogp*(z) (polynomial p* G ir(p) C V^(fi) has been 
defined at the beginning of the section 2.3.) we will get from the formulas (2.1.4), (2.3.1) 
for z = x + iy G A the following inequalities: 

\og\M a (^z)\= sup log|p*(z)l = sup f - l0g |f f' + t) ' dt< 

P evg(p) pevg(p) J (t - x) 2 + (y - I) 2 



~ 7T J (t- 



7(*) 



dt , 



where -y(t) := | log$(t)| ,teR. Since for all z G A : (f - x) 2 + (y - l) 2 > |(1 + t 2 ) 
Vi G f , then validity for arbitrary T > and z £ A oi the following relations (cf. [2, 
Th.2.4.3, Proof]): 

(f - x) 2 + (y - l) 2 - J 1+t 2 y->+ocJ (t - x) 2 + (y - l) 2 

|t|>T |t|>T -T 

implies a correctness of (3.2.6). 

To prove (3.1.3) for f(t) = M a (/j,,t) , observe, at first, that due to (2.1.4): 

V(/i,i) 2 < sup (l+p( y x) 2 )= sup \p-{x)\ 2 ViGl, 

where the polynomial p_ G P[C] contains all zeros of the polynomial 1 + p(z) 2 lying 
in H_ := {z G C | Imz < } and 1 + p(x) 2 = |p_(:r)| 2 Vi£l. But |b-L sM < 

|| 1 + \p\ \\ La(M) < 2y/2 and so 

l<M a (n,x)<2 sup \q(x)\ VieR, (3.2.10) 
?e^a (/*) 

where P"(/i) := {g G V[C] \ A q C H_, |M| L c (/i) < 2^2, MVxGl}. Since 

p-(^) C 2 V / 2'P£(//) , then denoting for the introduced in (3.2.9) function $ : r(t) : = 
| log2\/2$(t)| , t G R , we can state that for arbitrary g G V~(n) function log|g(;z)| 
is a harmonic function in < Imz < 1 and in view of (3.2.8) it satisfies inequality: 
log + it) | < r(t) ViGl. But (3.2.7) is true for if) = 2^$ and that is why 
application of the Poisson formula to log|g(z)| gives possibility to continue inequality 
(3.2.10) as follows: 

, MJu,x) 1 f log |g(l + it)\ , 1 f r(t) , w m . 

log a l ' ' < sup - / dt<- - / ; dt, Viet. 3.2.11 

2 - qe p£ w *J l + (t-x) 2 -njl + it-x) 2 
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Using Fubini theorem and equality J R (1 + x 2 ) + (t — x) 2 } 1 dx = 2n(t 2 + 4) 1 , we get 
from (3.2.11) the required inequality: 

[\og\M a U,x)\ , , n A f r(t) , 

R R 

Proposition 3.1 is proved. 



3.3. New version of M.G.Krein's Theorem and its corollaries. 

3.3.1. Setting of a problem and M. Krein's theorem. 

Let / G £*(R) and A f = {AJ^ . By Mittag-Leffler theorem [31, v.II] there exists 
such sequence {p n } n> i C Z that 



E 



n>l 

and function 





z\ 


Pn 


A„ 


i+ 


Pn 


lf(An)| 



< oo V z G C (3.3.1) 



E 



m ^\??fi(\ n )(z-\ n ) 

is an entire function, where for A, z G C and positive integer p : (z/X) p (z — A) -1 = 
(z — A) -1 + j + p- + . . . + Z-rp- . Assumptiom (see (3.1.6)) df < +oo gives possibility to 
set in (3.3.1) j5„=p>0Vrf/ Vn>l and consider an entire function A^(z) defined 
by (3.1.7). Just such assumption about the entire functions from more wide class (A) 
(see 3.1.) have been made by M. Krein in [24]. But everywhere below we will consider 
M. Krein's results only on the set of real entire functions all zeros of which are real. 

So, for / G £*(R) M. Krein in [24] made an assumption df < +oo and considered 
the problem of the description of all those functions / G £*(R) entire function A^(z) of 
which for some p > V df is a polynomial. 

M. Krein in [24] proved theorem which is described detally in [29], has a self-contained 
proof in [23] and has been discussed also in [34, 25, 9, 11]. We will use the following its 
version given in [9, Th.6.1]. 



Proposition 3.2. Let f e £ S (R) and the following relations hold: 

£fw <0O; 7M=£?(A)(bA)' V26CVA " 

Then f G Cartwright . 

Such form of M. Krein's theorem requires some additional comments. It was proved 
in [9, Lemma 6.3] that if / G £ S (R) , df < +oo and for some p > V df entire function 
Aj(z) is a polynomial then for any polynomial Q G V S (M.) , satisfying Aq n Af = , 
degQ > p V degAj , function g := Q ■ f has the property A°(z) = . That is why 
under these conditions using Proposition 3.2 we get also / G Cartwright . So, taking into 
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account that remark from the paper [9] and also indicated in 3.1 possibility to substitute 
inequality (3.1.2) by (3.1.3) we can reformulate Proposition 3.2 as follows. 

M. Krein Theorem. ([24]) Let f G S S (R) and df < oo . If for some p > V df 
entire function A p (z) is a polynomial then the following two properties hold: 

(3.3.2a) feS^R); (3.3.26) / <ft < oo . 

Note the following evident properties of the quantity df for / G £ S (R) : 
(3.3.3a) df. Q = d f -d Q VQG V s (R) : A Q n A f = ; 
(3.3.3b)d/ =d f + d Q V Q G 7> S (R) : A Q cA /; 

Q 

In the paper [9] the following Akhiezer's [2, III. 11] remark was considered: if / G £ S (R) , 
df < 1 and A^(z) is a polynomial then degAj = . In the Corollary 6.4 from [9] the 
more general result was proved: if / G £ S (R) , df < oo and A p f eV for some p > 1 V df , 
then degA^ < p—1 , and for p = < df : A° (z) = . Using this fact, Phragmen-Lindelof 
principle and possibility to differentiate series (3.1.7) it is easy to derive the validity of 
the following statement given here without proof. 

Proposition 3.3. Let f e S S (M) , d f < +oo and for some p > V d f entire 
function A P j°(z) is a polynomial. Then (see (3.1.8)) 

(3.3.4a) j±r = m p fa (z) \/zeC\A fa \/p>0Vd f VaGl; 

(3.3.4b) = m p f . Q (z) VzeC\A f . Q \/p > V (d f - degQ) V Q G V S (R) : 

A Q n A f = ; 

(3.3.4c) ^4 = mP A z ) Vz G C\A/ Vp > 0V(a7 + degQ) V Q G V S (R) : A Q c A 7 . 

where f a (z) := /(z + a),aGM,-2GC. 

That is why the following property of functions / G 5 S (R) : df < oo and 3p > Vrf/ : 
A p E V , is invariant with respect to the translation f(z + a) ,oGR, multiplication and 
division on the pointed out in (3.3.4b) and (3.3.4c) polynomials. 

3. 3. 2. Main results. 

Continuing consideration of the simple properties of the functions from the class £(R)n 
Cartwright , being started in [9, Th.6.2], we establish the following statement. 

Lemma 3.1. Let f G £i(R) and 

\e\ f \{o} 1 1 

Then the following statements hold: 

(3.3.5a) ifd f <+oo and coA f = R then f G Sq(R) ; 
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(3.3.5b) iff G Cartwright then f G £ (R) ; 

(3.3.5c) iffe Cartwright and coA f ^ R then £ < oo . 

A6A / \{0} 

Proof of Lemma 3.1. By Hadamard's theorem f(z) = e' az P(z) , a G R , z G C , 
P(z) = Yl\eA f (^ — f) where without loss of generality we assume O^A/. If a ^ 
then change of variables z by — z allows us to consider only the case a > . It is known 
[42, 8.6.4., Ex.8. 15] that P G S and therefore 3C > 0: \P(z)\ < Ce^ x V z = x + iy, 
y G I , x > . Then < Ce'^ x ' l) Vi>1. Such inequalities lead to a 

contradiction with df < oo , if coA/ = R and with inequality (3.1.3), if / G Cartwright . 
So, / = P G £o(R) and (3.3.5a), (3.3.5b) are proved. Prove at last (3.3.5c). Change of 
variables f(b±x) , b G R , allows us to assume Aj = {A Tt } n>1 C [1, +oo) . Then according 
to (3.3.2b) for arbitrary AT > 1 : 

AT" OO TIT 

f\Mim dx> f **m dx>Yj f ^ + y dx > (log2) . E ^ , 

R -oo n=1 n=1 

what was to be proved. □ 

Since the Lindelof's theorem [29, I] implies validity of (3.3.5) for / G £i(R) with 
coAj 7^ R , then due to Lemma 3.1 we have validity of the following implication: 

/ G £{R) n Cartwright, coA f ^ R =>■ / G £ (R) • (3.3.6) 

The following statement represents another version of M.G. Krein's theorem. 



Theorem 3.1. Let f be non- constant real entire function with only real and simple 
zeros and 

4, = inf J, 6 Z| J^*^ < oo J < + oc. (3.3.7) 

The following statements are equivalent: 

(3.3.8a) There exists such integer p > V df that entire function 

1 Xa,(0) x - zP 

is a polynomial. 

(3.3.8b) Function f is an entire function of exponential type and 

log 



1 + t 2 



dt < oo . 



(3.3.8c) // coA/ = R , then f is an entire function of exponential type, but if 
coA/ 7^ R , then f is an entire function of minimal exponential type. 
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Implication (3.3.8a) =>- (3.3.86) coincides identically with M. Krein's theorem. Im- 
plication (3.3.86) =>- (3.3.8a) has been proved by L.de Branges in his famous paper [12, 
Lemma 2], where one need to take G G V and observe that \F(iy)\ tends to infinity faster 
than any exponential function. Implication (3.3.86) =>- (3.3.8c) follows from (3.3.6). 
Implication (3.3.8c) =>- (3.3.8a) for the entire functions of minimal exponential type 
was proved in the master's thesis of Henrik L. Pederson at University of Copenhangen 
and can be found in [9] as Theorem 6.6. In view of Lemma 3.1 it is remained to prove 
only those part of (3.3.8c) =^ (3.3.8a) where / G £i(R) \ S (R) , coA f = R and so by 
(3.3.5a) XaeA/Uo} ]if = 00 • This P ar ^ can be easily derived from the following theorem 
which will be proved in 3.5. 



Theorem 3.2. Let real entire transcendental function f has only real zeros and 
taking into account their multiplicity {A& | Q < k < P } := A/\{0} , P,Q G ZU{±oo} , 
Afe < Afc+i W Q < k < P — 1 . Let also exist such increasing sequences of positive real 
numbers R n ,r n , n > 1 , that R n ,r n — > +oo , n — > oo , and 

f{z) = z mf^p_ . Um TT (l-^) VzeC, (3.3.9) 

ml n^oo - LJ - V A/ 

Ae(A/\{0})n(-r„,_R n ) 

where m G Z . 

Then f G CV° n and there exist such sequences of integers pn, qN '■ Q < Qn < Pn < P , 
N > 1 , that the polynomial divisors of the function f which have the following form: 

P^):=^-"-n(l-£) (3.3.10) 

k=q N 

converge to f(z) uniformly on any compact subset of C and satisfy conditions: 
(3.3.11a) (-N,N)nA f C{\ k }lZ qN ; 
(3.3.11b) \P N (x)\>\-\f(x)\ VxG[A W) A p J; 
(3.3.11c) |PiT fc) (A fc )|>i-|/^)(A fc )| \/q N <k<p N , 

where m k > 1 denotes the multiplicity of zero A fc G Aj \ {0} V Q < k < P (in terms of 
the set Af this means that is a number of the equal to \ k elements in Af ). 



Remark 3.1. {Sense of the condition (3.3.8c)) Representation (3.3.9) means in par- 
ticular that function / can be obtained not only as a limit of some sequence of real 
polynomials with real zeros but as a limit of its polynomial divisors. Consider an arbi- 
trary / G £ S (R) H E\ with df < +oo and clarify in what cases that function cannot be 
represented as a limit of its polynomial divisors. If / G So then (3.3.9) is a corollary of 
Lindelof 's theorem. Let / G E\ \ £ . 

If = oo then once more by Lindelof 's theorem coAf = R , m = 

AeA/\{0} ' AeA/,A>0 

m = +°° an d using the Hadamard's theorem we get for some a G R , m G Z 

aga /5 a<o 

and any R, r > : 
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e -az 



n (i - x ) ef = e(5/(r,R) ~ a)z • • n - D > 



V 1 AeA/\{0} Ae(A / \{0})n(-r,fl) 

where / r ,fl(z) := U { l ~ f ) e ^ , $f( r > R ) '■= E i • Choosing two 

AeA/V-r.J!) ' A6(A / \{0})D(-r,fl) 

sequences r n , i? n , n > 1 , so that r n ,R n — > +00 , Sf(r n ,R n ) — » a , n — > 00 , we get 
representation (3.3.9). 

If now EagA/\{o} in < 00 then by (3.3.5a) coA/ 7^ H. and by virtue of Hadamard's 
theorem f(z) = e az f Q (z) , f G S , a G IR \ {0} . Our condition df < +00 for functions 
of such kind indicates only that a > , if sup Aj = +00 , and a < , if inf Aj = —00 . 
But in both cases / of this kind cannot be represented as a limit of some its polynomial 
divisors. Just that class of entire functions has been excluded by condition (3.3.8c). 

That is why any / G £ S (K) which satisfies (3.3.8c) and df < +00 can be represented 
in the form of (3.3.9). □ 



Proof of Theorem 3.1. As it was noted above it is remained to prove only 
implication (3.3.8c) (3.3.8a) where in view of Remark 3.1 one can apply to the 

considered function / the Theorem 3.2. But firstly we multiply / on the polynomial 
Q satisfying (3.3.3a) in order to obtain d g < — 1 for g :— f • Q . Approximating g by 
polynomials Pn from Theorem 3.2 we will get by (3.3.11c) for arbitrary z G C \ A g and 
R > : 



1 



E 



1 



E 



1 



AeA Pjv \(-i? 5J R) 



P> N (\)(z-\) 



< 



< e 



E 



\eA g \(-R,R) 



l</(A)| 



sup 

\€A g \(-R,R) 



\z-X\ 



and passing to the limit as — > 00 , we obtain for every z G C \ A 



9 ■ 



(3.3.12) 



E 



9 ^ Z ^ AeA 9 n(-R,R) 9 (^)( z ^ 



0, R -> +00 , 



(3.3.13) 



from where with the help of Proposition 3.3 we derive the required property (3.3.8a) for 
the function / . □ 



Theorems 3.1, 3.2 and Remark 3.1 give possibility to characterize Hamburger and 
Krein classes of entire functions (see 3.1) in terms of the behavior of the derivative 
numbers {/'(A)} AeAf of the entire function / . 

Corollary 3.1. 

1. Entire function f(z) belongs to the Krein class JC if and only if it has the following 
properties: 
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(3.3.14a) f is a real function with only real and simple zeros Af ; 

(3.3.14b) if co A j = R £/ien / is of exponential type, but if co A f ^ R then f is of 
minimal exponential type ; 

(3.3.14c) J2 (T+aTO)1 < °° • 
xeA f 

2. Entire function f(z) belongs to the Hamburger class TC if and only if it has the 
following properties: 

(3.3.15a) f is a real function with only real and simple zeros Af ; 

(3.3.15b) if co A f = R then f is of exponential type, but if co A f ^ R then f is of 
minimal exponential type ; 

(3.3.15c) lim ML = V n G Z . A 

It should be noted that entire functions satisfying conditions (3.3.14a) and (3.3.14b) 
form a sufficiently large subset of the second Laguerre-Polya class CVn of entire functions 
and each of them can be represented as follows: 



/(*) = 



c -^-n(l-i); Ep^<oo, ifco{A fc } fc > 1? £ 

c-zi-e az - n fl- t)et ; aG R, £i <00) if C0 {A fe } fc>1 = 



fe>l v 7 k>l 

(3.3.16) 

where c, A& G R \ {0} \f k > 1 , Xk ^ X m , if k ^ m , k, m > 1 , g 6 Z . But if we 
impose on the function / from that class only one condition on their derivative numbers: 
df < +oo , or, what is the same, 

log H 



lim 7 < +oo , (3.3.17) 

|A|— oo lOg A 

xe\ f 

then by Theorem 3.1 we can conclude that this function / will be an element of 
Cartwright class, what in the case co {Xk} k>1 ^ R means by virtue of Lemma 3.1 that 

^AeAyVfo} ^Afc^ < 00 anc ^ * n ^ e case co i^ k }k>i = ^ gives an existence of the limit 
5f := ^lim Z^Ae(-iifi)n(A / \{o}) X ' e( 4 ua lity a + Sf = and also an existence and equality 

of two finite limits: lim ^( A / n M = i im -d^n^o]) (see [29 y.4, Th.ll]). 

Besides that Theorem 3.2 and Remark 3.1 allow us to establish direct and inverse 
polynomial approximation theorem for the entire functions from Hamburger and Krein 
classes. It should be noted here that since both classes TC and /C are subsets of the second 
Laguerre-Polya class CVn then every function from these classes can be approximated 
[18, III, Th.3.2] by real polynomials with real zeros only with respect to the topology r £ . 
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Corollary 3.2. 

1. Entire function f(z) belongs to the Krein class JC if and only if there exists the 
sequence of real polynomials {-P n } n >i with only real and simple zeros {Ap n } n>1 which 
uniformly on any compact subset of the complex plane converges to the function f and 
for some does not depending on n constant C > the following inequality holds: 

(I+A^WpOI - C V " - 1 • (3.3,8) 

2. Entire function f(z) belongs to the Hamburger class H if and only if there exists 
the sequence of real polynomials {-P n } n >i with only real and simple zeros {Ap n } n>1 which 
uniformly on any compact subset of the complex plane converges to the function f and 
for some does not depending on n function w : K. — > (0, +oo) , sup |x| n w(a;) < +oo 

V n 6 Z , the following inequality holds: 

> 4vT VAgA ? „ Vn>l. (3.3.19) 

Moreover, in both items the approximating polynomial sequence can be chosen as the subset 
of all polynomial divisors of the function f(z) . 



Proof of Corollary 3.2. Necessity follows easily from the Theorems 3.1, 3.2 
and Remark 3.1. 

Sufficiency. 1. Multiplying each polynomial P n , n > 1 , on the polynomial of the 
second degree Q 2 G V s (^-) satisfying Aq 2 fl Aj = we by Hurwitz's theorem obtain 
Aq 2 fl A Pn = for sufficiently large n . Resulting polynomial sequence converges to 
g :— Qi • f , where d g < —1 . Performing similar to (3.3.12) estimate with R > 2\z\ we 
get after passage to the limit as n — > oo relation (3.3.13) which by Proposition 3.3 yields 
/e/C. 

2. Here one need to use Polya-Laguerre [29, VIII. 1, Th.3] theorem according to which 

for some does not depending on n constant M > : < M V n > 1 . We 

AeA Pn 

can perform a similar to (3.3.12) estimate from where taking into account the following 
corollary of (3.3.19): 

1 (l + X 2 )w(X) ... ., 

AeA Pn \(- J R,R) 1 nWI \€A Pn \(-R,R) 

one can easily obtain for R > 2\z\ (3.3.13) and then by (3.3.19) / e H . □ 



3.4. Strictly normal polynomial families. 

3.4.1. Main results. Recall (see 3.1) that V*(M) denotes the set of real polynomials 
P with only real and simple zeros and -P(O) = 1 . 

Let G C P*(1R) be a normal family of polynomials (see 3.1). Making use a proof 
by contradiction it is easy to derive succeeding the proof of Polya-Laguerre [18, III, 
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Th.3.3] theorem that X±(G) := sup PeG |P'(0)| = sup PeG (X^AeAp il < 00 an< ^ ^(G) '■ = 
sup PeG (P'(0) 2 — P"(0)) = sup PgG X^AeAp < 00 ■ Conversely, if these quantities 
are finite then an obvious inequality |(1 — z)e z \ < e^H 2 ! 2 V z E C implies |-P(z)| < 
exp (Mil^l + ^M 2 |2;| 2 ) V z G C , i.e. by Vitali's classical compactness theorem G is a 
normal set. Thus, we have proved the following statement (see also [29, VIII. 1]). 



Proposition 3.4. Polynomial family G c V* 
the following two conditions hold: 



is a normal set if and only if 



(3.4.1a) Ai(G) := sup 
pgG 



AeAp 



< 00 ; (3.4.1b) X 2 (G) := sup £ 4 < 00 . 



PgG AeAp 



By well-known Polya-Laguerre theorem [18, III, Th.3.3] the closure of normal set 
G C V* (R) denoted as Close^C is a compact subset of the second Laguerre-Polya class 
of the entire functions CP 11 [18, III, Def.3.1]. 



Definition 3.1. Normal family G C 7 : '*(R) is said to be a strictly normal 
polynomial family if for any convergent with respect to the topology T£ sequence {-P n } n >i ^ 
G satisfying lim degP n = 00 an entire function lim P n (z) is transcendental. 

In terms of the introduced by P. Painleve [26, 11.29] notion of upper limit of the 
sequence {A n } n>1 of subsets of some topological space with topology r : 



A n := f)Close T ( \J A k \ , 

n>l \k>n J 



where Close r A denotes the closure of A in the considered topological space, Definition 
3.1 means that G C "P*(R) is a strictly normal polynomial family if and only if G H 

Ls n ^oo (G n +i \ G n ) = , or, what is the same, 



Gn 



f| Close, (G \ G n ) 



n>l 



G n := {P e G I degP < n} , n>l. (3.4.2) 



It is easy to verify that the closure Close^-G of the strictly normal polynomial family G 
aside from the compactness property have one more characteristic one: the set G being 
considered as a subset of the topological space Close^-G with induced topology (from the 
whole space of all entire functions with topology ) is an open set, i.e. 

Close, ((Close £ G) \ G) = (Closed) \ G . (3.4.3) 

In other words (3.4.3) means that any convergent sequence of the transcendental entire 
functions {f n } n >i Q Close,G can have in capacity of its limit only also transcendental 
entire function or, what is the same, the set (Close,G) \ G of all transcendental entire 
functions from Close,G is a closed and hence, compact set. That is why the closure of 
any strictly normal polynomial set G with respect to topology r £ generates at once two 
compact sets: Close,G and (Close^G) \ G . 
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In contrast to normality criterion of the Proposition 3.4 we will be interested here in 
those sufficient conditions for the normality and strictly normality of the polynomial set 
G C "P*(IR) which can be formulated in terms of derivative numbers {-P'(A)} AeAp of the 
polynomials from that set and which would give possibility to exclude condition of the 
type (3.4.1a) at all and to make condition of the type (3.4.1b) a little weaker. 

Lemma 3.2. For arbitrary finite constants a, f3, 7, 8 a , 6/3 > the set 

P e P'"(M) I Yl e ~ aW - 6a ' l P '( A )l - V _/3|A| l A r 1_7 V A G A P I (3.4.4) 
AeAp J 

is normal with respect to topology of the uniform convergence on all compact subsets of 
the complex plane (see 3.1). 

The sequence of polynomials {1 — nx} n>1 shows that the set (1) for 7 = is not 
normal. Denote by C+(1R) the family of all positive functions from C*(M) (see 2.1), i.e. 
the set of all upper semicontinuous functions /i : M. — > (0, +00) , satisfying conditions: 
\\x 11 ■ A* 1 1 C7(M) < 00 V n G Z . 

Theorem 3.3. For any /i G C+(1R) and arbitrary finite constants a, 7, 5 a > the 

set 

X>-»™<^; |P'(A)|>-^VAeA P } (3.4.5) 

is a strictly normal polynomial set (see Definition 3.1). 

Let H* :={f eH I /(0) = 1} (V*(R) C H* ) and for fi G C* + (R) ,7,C 7 G (0, +00) , 
denote 



P Gf 



VWOvH) ■= |p G V*(R) I £ e-l A l < C 7 ; |P'(A)| > V A G A P 

(3.4.6) 

The set (3.4.6) by Theorem 3.3 is a strictly normal polynomial set. In addition, by virtue 
of Corollary 3.2: W*(C 7 ,^) := Close £ P^(C 7 , /1) C 7Y* and so: 

W(C7 7> |i)=|/G7T I $>-l A l<C 7 ; |/ , (A)|> /j(A)| 1 A|1+7 VA6A / | . (3.4.7) 

The set (3.4.7) being a compact subset of the Hamburger class of entire functions H 
possesses due to (3.4.3) the following property. 

Corollary 3.3. Let Tioo denote the set of transcendental entire functions from 
the Hamburger class TC and for ji G C+(R) , 7, C 7 G (0, +00) : 

KoiC^li) :=ftoonft*(C 7 ,/x) . (3.4.8) 
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Then the set H^Cy, [/,) is a compact subset ofH^ and 
Ko(Cj,li) = j/ G Hoc I 7(0) = 1, g e-' A l < C 7 ; |/'(A)| > — !; 



1+7 



VA g A 



/ 



(3.4.9) 



It should be noted at last that the statements of Lemma 3.2, Theorem 3.3 and Corol- 
lary 3.3 remain valid if we substitute the conditions on the derivative numbers of the 
entire functions / in (3.4.4, 5, 6, 7, 9) by the following ones: 



E 

AeA / 



1 



MA)|AH/'(A)|7 



< C(/?, 7 ), /3> 7 >0. 



(3.4.10) 



Such substitution is possible because for any /i e C+(R) : (fi) a G C+(R) V a > , 
and an arbitrary subset of normal or strictly normal polynomial set possesses also the 
corresponding property. 

3.4.2. Proof of Lemma 3.2. Let M > a+P+1 and P be an arbitrary polynomial 
of the defined by (3.4.4) polynomial family. Since for z G C \ {a n } n>1 , a n :— j^(n — |) , 
n G Z , the following equality holds: 



cosh(M2:) 



n>l 



+ 



M • a n V z + ia n z — ia n J 



then, denoting {Afc}^ =1 := A P , < |Ai| < |A 2 | < . . . < |A m | < 1 < |A m+ i| < . . . < |Ajv| , 
< m < N , (m = , if |Ai| > 1 ) we obtain for z G C \ (A P U {a n } n>1 ) : 



N 



*(z) := 



pi 



P(z) ■ cosh(Mz) P'(A fc ) cosh(MA fc ) z - \ k M ^ 



x 



X 



1 



+ 



1 



(3.4.11) 

_P(ia n ){z - ia n ) P(-ia n )(z + ia n )_ 
Differentiating equality (3.4.11) we have $'(0) = -P'(0) , $"(0) = 2P'(0) 2 — P"(0) — M 2 



and 



p '<»> = Eur™ 



> A 2 • P'(A fc ) cosh(MA fe ) Mfg x al \P(-ia n ) P(ia n ) J ' 



N 



P"{0) + M 2 -2P'{0) 2 = Y, 



(-If 



1 1 

+ 



P(ia n ) P(-ia r , 



^A 3 fc -P'(A fe )cosh(MA fc ) a 3 
from where taking into account \P(i\)\ > 1 V A G R and < ^ , we derive 

n>l 



TV 



2P'(0) 2 - P"(0) < 2M 2 + J^ 



^|A fe |3-|P'(A fe )|cosh(MA fc ) ' 



(3.4.126) 
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If m = , then equalities (3.4.12a), (3.4.12b) and conditions (3.4.4) give estimates of 



|P'(0)| = 



N 



k=l 



N 



and P'(0) 2 — P"(0) = depending on five constants of Lemma 



k=i 



3.2 only. 

If m > 1 then (3.4.12a) and (3.4.4) yield: 



N m N 

Y±. < M + -L\\ k \~<e~( 1+ ^ + ^- Y lAfcp-V* 1 -**)^! < 



< M + 2 



— ] r + 2 

5/3 | Ax 1 ^ ve 



0' 



and therefore, using inequality log(l + x) < x V x > — 1 , we get: 



iV 



< 



-Ai E £ 



< 



■exp 



Afc/ |Ai 

-+^+e) 7 ) 



< 



That is why there exists such constant 5 > depending on constants (3.4.4) only that 
| Ai| > 5 . Since among all zeros of P zero Ai has a minimal absolute value then it 
follows from (3.4.12a), (3.4.12b) and conditions (3.4.4) that there exist the estimates of 



N 



y - 



k=l 



N 



and Yl 72" depending on a, (3, 7, S a , 6/3 > only. This means that conditions of 



k=i 



the Proposition 3.4 are fulfilled and so the set (3.4.4) is normal. 

3.4.3. Proof of Theorem 3.3. Denote defined in (3.4.5) set by G . Since fx is 
uniformly bounded on the whole real axis then by Lemma 3.2 G is normal and due to 
Proposition 3.4 : M := Ai(G) V X 2 (G) < +00 . 

Consider an arbitrary convergent to some entire function / polynomial sequence 

{P n } n>1 C G , with lim n ^ 00 degP n = 00 . Denote {a^V" := A Pn , £ < |Ai n) | < 

— K J k=l 

lA^I < • • • < |A^| < 00 V n > 1 . By Hurwitz's theorem for arbitrary p > 1 the 
sequence I > , r np > p , has finite or infinite limit. Let for n > n p : 

L ) n>n v 



Pn, P {*) - A n np(x) , A„, p (x) :- h - ^ 



(n) 



1 - 



A 



(n) 



1 - 



X 



where p > 2, Ai )n (x) = 1. Then for all p < k < r n , n > n p : 



P'(Ai n) )|= A p , n (AD • PU X D < [1 + M\\t 



An) 



p-1 



P n ,p(^ 



X (n) 



Using (3.4.5) and decomposition formula of P n , P (z) on the simple fractions we get: 

1 * E ^tWot s E ^i^p < ii^d + *y,i 

fc=p Kn.pl^fc JM^fc I k=p \ A P I 
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That is why for arbitrary p > 1 the sequence < A p > has a finite limit X p G Aj and 

L J n>n p 

since by (3.4.5) function / has only simple zeros then all numbers {A p } p>1 are distinct 
and hence, / is a transcendental entire function. 



3.5. Proof of Theorem 3.2. It is easy to verify that existence of the indicated 
by theorem polynomials is invariant with respect to the change of variables of the kind 
f(a ± x) , a G R , and inequality (3.3.11c) can be obtained from (3.3.11b) by division 

it on ( 1 — y- j . Thus, to prove the theorem it is sufficient to show the validity of 

(3.3.11a), (3.3.11b) under conditions ^ A/ , /(0) = 1 and if coA/ ^ R then without 
loss of generality Af C (0, +oo) . That is why in the case coA/ ^ R (3.3.9) implies 

j < oo , / G £o(R) and for N > minA/ polynomials Pn(x) := ]"[ (l - f) 
\&A f AeA/n(o,Ar) 

satisfy all conditions of the theorem. 

Let now coA/ = R . Then (3.3.9) for z = % means Yl < 00 an d then it is easy to 

xeA f 

derive from the (3.3.9) at some z£l \ {0} , f(±z) ^ , an existence of finite limit a : = 
lim j and the following representation: 

p -*°° \eA f n(-r p ,R p ) 

f(z) = e— J] (l " £) e* • (3.5.1) 

AeA/ 

So, / G £P?/ . Rename zeros of / by: {A fc } fc > U {-A_J^ 1 := A f , < X k < \ k +i , 
< A_fc_i < A_fc-2 V k G Z , and for arbitrary n > , m > 1 set: 

(n+(p) , n-(p) 1 \ n , m 

k=n+l l=m+l J k=0 1=1 

where n + {p) : = max {A; G Z | X k < R p } , n_{p) := max{Z > 1 | A_; < r p } , p > 1 . Then 
for 



Ttn,m{z) ■= lim 



n +(p) / \ n-(p) , 

n fi-f n fi 1 



P ^0O 

fc=n+l v Z=m+1 



Afe/ , , V A_; 

using inequality log(l + x) < x V x > — 1 , we get the following estimate: 

< TZ n , m (x) < e ~ xS(n ' m) V x G [-A_ m , A n ], n > 0, m > 1 . (3.5.3) 
For fixed arbitrary N > 1 let us find now such positive integers pn, Qn that polynomial 



VN / \ UN / \ 

p K(2):=n x _± n 

fc=0 v K/ 1=1 v (/ 



will satisfy conditions of the theorem. 

Choosing subsequences of {Rn}n>i an d { r Ar};v>i an d reindexed them we can consider 
that R N > A n + (7V)+1 , r N > A n - (7V)+1 ViV > 1 , where n~^(N) := max {A; G Z | 
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\ k < N } , nj(N) := max{Z > 1 | A_/ < N } . Therefore inequalities p N > n + (N) , 
Qn > n-(N) yield validity of (3.3.11a). 

Denote S(q) := S(n + (q), , q > 1 , and observe that lim S(q) = . 

q^oo 

Let S'(iV) = . Setting p^ := n + (N) , := ri-(N) we get from (3.5.3) validity of 
(3.3.11b). 

Let S(N) > . Since function ip + (n) := S(n + (N) + n, n_(iV)) , n G Z , decreases 

oo 

from S'(iV) to — oo < — < , then it is possible to find such r G Z that 

l=l+n-(N) ~ l 

<p+(l + ?") < < y?+(r) , where +r) — v 5 +( r ) — l/Ai+ r +n+(v) • It follows from (3.5.3) 
that 



T^-n + (N)+r+l,n-(N) 



L, V x G [-A_ n _ (A r),0] ; 

~ \ ex P (-*<P+(r) + A 1+r +„ +w ) ^ e > V x G [0, A 1+r+n+w ] , 



i.e. (3.3.11b) will be true for p N := 1 + r + n + (N) and g w := ri-(N) . 

Let S'(JV) < . Since the function <p_(m) := S(n+(N), n-(N) + m) , m > , 
increases from S'(A r ) < to < XI x~ — + 00 ' then one can fi 11 ^ suc h r £ 

k>l+n + (N) k 

that y?-(r) < < v?-( r + 1) an d, obviuosly, y?-( r + 1) = f-{r) + l/^-(r+i+n_(JV)) • As 
well as in the previous case using inequality (3.5.3) we obtain validity of (3.3.11b) for 
p N := n+(N) , q N := 1 + r + n_(JV) . 

Observe now that according to our choice lim S(pn, qw) = and therefore by (3.5.2) 

N^oo 

we get: 

pn ^ g N j 

V- = a - S(p N ,q N ) -> a , N -> oo , 

— At — A_; 

fc=0 K Z=l 4 

i.e. due to (3.5.1) for arbitrary zGC: 



PiV / \ ON / \ 

P^) ;= e -(«-S(PAr,9Ar))* . JJ h _ M e £ . JJ h + * j e *=7 ^ , jV -> OO , 

fc=0 ^ J=l ^ ~ l ' 

and moreover, that convergence is uniform on any compact subset of C . Theorem 3.2 is 
proved. 
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CHAPTER IV. Criterion of the polynomial density in L p (/jl) 



4.1. Representation Theorem. Let w(x) be a positive and continuous function 
of real x such that for each n — 0, 1, 2, . . ., x n w(x) is bounded on the whole real line. In 
1924 S. Bernstein [10] asked for conditions on w that algebraic polynomials V are dense 
in the space C° . In 1959 L.de Branges [12] gived the following its solution. 



De Branges Theorem. ([12]) Ifw : R — > (0, +oo) , w e C(R) and \\x n w\\ c(R) < oo 
V n G Z , then ClosecoP ^ C° if and only if there exists a real entire function F of 
exponential type all whose zeros A F are real and simple and which satisfies: 

log + |F(:r)| , 1 



J 1+X 2 A 



, lF -(A)|F'(A)| 



It should be noted that conditions on u> in that theorem in view of Corollary 1.1 
mean that C° is a Banach space, and by Theorem 3.1 and Corollary 3.1 conditions on 
F signify in fact that F eH . 

In 1996 M. Sodin and P. Yuditskii [41] found a simpler proof of de Branges theorem 
and gived its version with weakened conditions on w . 



Sodin- Yuditskii Theorem. ([41]) Let w : R — > [0,1] is an upper semicontinuous 
function on R and \[X n w\[c<m < 00 V n G Zo . Algebraic polynomials V are not 
dense in C° if and only if there exists such B G Ji fl So with zeros Ab C ^ : = 
{x6l w(x) > } «/ia« 



E 



AfeAfl «;(A)|S'(A)| 



< oo. (4.1.1) 



Observe, that if (4.1.1) is valid for some B G 7i then according to the established by 
Hamburger [16, 2] property of such functions: X^AeA B WTxi = ® V n G Zo , we obtain that 
defined by equality dfi := J2\eA B wfxj measure A 4 i where 5\ denotes Dirac's measure 
at the point A , belongs to M.(R) and evaluates (see Th. 1.3) on C° linear continuous 
functional f R f(x)d/i(x) vanishing at all exponential functions. That is why in that case 
V is not dense in C° and taking into account indicated in Chapter I coincidence of 
the seminormed spaces C° and C\ /lh for arbitrary h : R — > [0, 1] , we can reformulate 
aforementioned theorems as follows. 



Proposition 4.1. ([12, 41]) Let h : R -> [0,1] , \\x n h\\ c(R) < oo V n e Z , M h 
is an upper Bair function of h and Sm h '■= {% G R \ Mh(x) > } . Then the following 
statements hold: 
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(1) if algebraic polynomials V are not dense in C® then there exists such B G Hn£ 
that 

A B C S Mh and £ Mh{X ' mX)l < 00 ( 4 - L2 ) 

(2) i/iere exists satisfying (4-1-2) B e H , then algebraic polynomials V are not 
dense in . 

For any positive integer N let V* N denote the set of real algebraic polynomials P of 
degree N with real and simple zeros only and P(0) = 1 . Note that the proof of Theorem 
3.3 shows that the closure of intersection (3.4.5) and V* N is a compact set in the topology 
T£ . Using the Theorems 3.2, 3.3 and Corollary 3.2 it is easy to get the validity of the 
following assertion. 

Lemma 4.1. Let w : R — > [0, 1] , H^HIcfR) < 00 Vn 6 Z , w is an upper 
semicontinuous function on R , a := Xs w (fy £ {0,1} and function 9 : [0, +00) — > R 
/or some finite constants C,c,a > satisfies ce~ ax < 9{x) < > . Algebraic 

polynomials V are dense in C° if and only if : 

lim min ( V ^ + V ^^^^^ = +oo (4.1.3) 

Calling to mind (see 1.1) that £>(R) denotes the family of Borel subsets of R we 
formulate now (see also Proposition 2.2) the main result of this paper. 



Theorem 4.1. Let 1 < p < 00 and /j, be a positive Borel measure on R with 
all finite moments: f R \x\ n d/i(x) < 00 V n G Z , and unbounded support: supp/i := 
{x G R I fi(x - 5, x + 5) > V 5 > 0} . 

Algebraic polynomials V are dense in the space L P (R, dji) if and only if the measure 
/i can be represented in the following form: 

H{A) = J w{xf dv{x) V A G B(R) , (4.1.4) 

A 

where v is some finite positive Borel measure on R and w is some upper semicontinuous 
on R function w : R — > [0, 1] , ||^ n Hlc*(]R) < 00 Vn 6 Z , for which algebraic polynomials 
V are dense in the seminormed space C° , i.e. w satisfies (4-1.3). 

It is interesting to note that by Theorem 1.3 representation (4.1.4) for the measure \x 
holds if and only if L(f) := f R f(x) d/i(x) is a linear continuous functional on the semi- 
normed space C^p . Another equivalent to Theorem 4.1 statements and their important 
corollaries will be given in the second part of that paper. 
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4.2. Preliminary Lemmas. 

4.2.1. Formulations. 

For arbitrary function / : R — > [—00, +00] , denote 

dom/ := {1 G M /(x) < +00 } , epi/ := {(x, y) G R 2 | y > /(x) } . (4.2.1) 

Lemma 4.2. Let /i be a positive Borel measure on R and function a : R — > 
[0, +00] is /ower semicontinuous on R /x(doma) > . Then there exists such lower 
semicontinuous on R function f3 that: 

(4.2.2a) P(x) > a{x) V x G R ; (4.2.2b) /i (x G R | /3(x) ^ a(x) ) = ; 

(4.2.2c) // (y G R I \x -y\ + \(3(x) - f3(y)\ < e) > Ve>0 V x G dom/5 . 



Denote by /C^ the class of entire functions / satisfying conditions: 

(3.3.14a) / is a real function with only real and simple zeros Af ; 

(3.3.14b) if coA/ = R then / is of exponential type, but if coA/ 7^ R then / is of 
minimal exponential type ; 

(3.3.17) limsup ^jSp <+oo- 

|A| — >oo, AeAj 

As it was noted after the Corollary 3.1 every function / G Kn can be restored by its 
zeros up to a constant factor: 

/(z)=/W(0).^. j ttm o J] (l-^), 56(0,1}, zeC. (4.2.3) 

~* °° \\\<R, AeA/YfO} 



LEMMA 4.3. Let X G {ICn, JC,H} . For arbitrary B G X with zeros {a n } n>1 := A B 
there exist such constant C > and such sequence of real positive numbers {S n } n>1 that 
for any sequence of real numbers {b n } n>1 satisfying condition: 

K-a n \<8 n Vn>l (4.2.4) 

it is possible to find such D G X that Ko = {b n } n>1 and 

\B'(a n )\ < C- \D'(b n )\ Vn>l. (4.2.5) 



4.2.2. Proof of Lemma 4.2. 

For arbitrary ACM 2 denote P[A] := {x G R | 3y G R : (x, y) G A} and let E a 
denote the set of those points x := (x,y) G epia , for which one can find such e(x) > 
that: 

fi(P[(x + e(x)V) n epic*]) = 0, (4.2.6) 
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where V := {(x, y) G R 2 | \x\ + \y\ < 1 } . The known property of separable metric spaces 
[3, 1.5, Lemma 2] means that from the open covering of the set 

G:= (J (x + e(x)F) (4.2.7) 

it is possible to extract the countable subcovering: G = U n >i G n , G n := x n + ^(xn)^ , 
x n & E a V n > 1 . That is why equality (4.2.6) and countable semiadditivity of the 
measure p imply : p(P[G (1 epia]) —p (U n >i P[G n ^ epia]) < , i.e. 

p(P[ G n epia ]) = . (4.2.8) 

Since every point in Gflepia possesses the property (4.2.6) then the set B := (epia) \ G 
contains all those points x G epia for which 

p{P[ ( x + eV ) n epia ]) > Ve >0. (4.2.9) 

In addition an evident inclusion P[(x + eV) D epia] C P[(x+ (0, t) +eV) fl epia] Vt > , 
£ > , x G M 2 , yields B + (0, £) C B V t > . Therefore the set 5 coincides with 
epigraph epi/3 of the lower semicontinuous on R function (3 defined by formula: 



P(x) :- 



+oo , x £ P[B] ■ 

mm{y G R | (x, y) G B} , x G P[S] . 



Validity of (4.2.2a) follows from epi/5 C epia . Due to (4.2.8): //(P[epia \ epi/3]) = 
H(P[G flepia]) = , and so (4.2.2b) is also true. Since by (4.2.9) for any e > and 
x G epi/5 : 

< fi(P[(x + eV) n epia]) = fi (P[(x + eV) n epi/3] U + eV) n (epia \ epi/3)]) < 

< /x(P[(x + £F)nepi/3]) , 

then the property (4.2.2c) is fulfilled. That is why (3 satisfies all required conditions and 
Lemma 4.2 is proved. 



4.2.3. Proof of Lemma 4.3. Since the Lemma's statement is invariant with 
respect to the substitution x by x + a, a G R , we can without loss of generality consider 
^ A B ■ Assuming < |ai| < |a 2 | < . . . < \a n \ < . . . , let us set 



p k := min{l, \a k \, { \ \a k \ - \a r . 



m>l, \a m \ ^ \a k \} } , k > 1 



(4.2.10) 



An elementary reasonings show that for real constants a,/3,p,A , satisfying 

aGR\{0}; 0<p<\a\, < A < -p , |a - (3\ < A , (4.2.11) 
the following inequality holds: 



1 - 



P 



< 1 + 4— VxG 
P 



\x — a\ > p . 



(4.2.12) 
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As for every k > 1 function B k (x) : = (1 — ^-) 1 -B(x) is continuous on R and B'(a k ) 



-a k B'(a k ) , then there exists such a fc > that 

|£ fc (a;)| > ^ kl \B'{a k )\ Wxe 



Let us set 



S k := min <^ a k 



Pk 



\x - a k \ <a k 



V k > 1 , 



4(1 + a 2 

and consider an arbitrary sequence {&fc} fc>1 satisfying inequalities (4.2.4). Since 



(4.2.13) 
(4.2.14) 



E 



< oo Ve > and 



b k 



J_ 

ak 



*>i k fc | 1+e 

determine an entire function of exponential type by the folowing equality: 



< 2 



V fc > 1 , then due to (4.2.3) one can 



£>(*) :- 



lim 



n 



\b k \<R, k>l 



1 - 



(4.2.15) 



which, obviously possesses properties (3.3.14a) and (3.3.14b). It is easy to verify that 
(4.2.10) and (4.2.14) give possibility to choose such tending to infinity sequence of positive 
real numbers R p , p > 1 , that interval (—R p , R p ) for every p > 1 will include the same 
number N p of zeros of the functions D(z) and B(z) . Therefore the following relation 
holds: 



B k (b k ) 

— s ; — r = hm 

-b k )D'{b k ) P-oo 



n 



b k 

Om 



1 - |t 

Dm 



m=l, m^k 

Applying estimate (4.2.12) we get: 
k,m > 1 , m ^ k , and so by (4.2.13) and (4.2.14): 

\a k \ \B'(b k )\ 



b k 

1 - — 



1 - 



k > 1 . (4.2.16) 



< 1 _|_ 4^ < 1 . 



C := 8 • exp 




> 4- 



> 



|5'(a fe ) 



6 fc | |£)'(6 fc )| " |D'(6 fc ) 



V fc > 1 . (4.2.17) 



Since defined in (4.2.17) constant C does not depend on choice of the sequence {b k } k>l 
then (4.2.17) represents the required inequality (4.2.5), from where by the Theorem 3.1 
and Corollary 3.1 we will have D G X for any indicated in Lemma 4.3 choice of the class 
X . Lemma 4.3 is proved. 



4.3. Proof of Theorem 4.1. 



Sufficiency. Since — G L p (fj,) then the density in L p (fj) of all compactly supported 
continuous on R functions and an evident inequality H/H^^) < ll/IL'||^|| L ^ V f £ C° 
by virtue of the Proposition 2.2 means the density V in L p (/x) . 

Necessity. 

4.3.1°. By (2.2.1c) density of V in L p {p) is equivalent to the existence of such 
sequence of polynomials P n G V[C] , n > 1 , that 

p 

<\„ ■■= —- P n ■ (I • " — "X • (4.3.1) 



X + % 



Lp(ju) 
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where without loss of generality we can assume that YL n >i an — ^ ■ Then nondecreasing 
sequence of nonnegative continuous on R functions 



N 



ip N {x 



n=l 



X + % 



-. ~ Pn{x) 



, N > 1 (4.3.2) 



satisfies HvjvIIx,^) < 1 V N > 1 and by Beppo-Levi theorem has a limit G L 1 (/j.) : 
IMLiM — ^ • ft * s eas y ^° see a ^ so that V 9 is a lower semi continuous function and 
fi(doimp) > . 

4.3.2°. Under conditions of the Theorem 4.1: < s n := J R |rc| n < oo V n G Z . 

Therefore the function 



n>0 



has the following properties: h G C(R) , G [1, +oo) VxGi, 2s = f R h(x) d/i(x) 
and inf^l + a; 2 ™)" 1 • > V n G Z . Let 

a(x) := + </?(x) , i£l. (4.3.3) 

Then for f — a the following conditions hold: 

(4.3.4a) f(x) > 1 ViGl; (4.3.46) inf (1 + x 2 ")- 1 • /(x) > V n G Z ; 

(4.3.4c) / is lower semicontinuous on R ; (4.3.4d) / G Li(fj) . 

4.3.3°. By (4.3.4a) and (4.3.4d) with / = a , the sequence of positive numbers 



t„ := J a(x) dfi(x) , n G Z , 

|x|>n 

tends to zero as n — > oo , and therefore one can find such subsequence {nk} keZo , n := , 
that J2 k>0 v^nfc < 00 an d ^n fc+ i < ^n fe V k G Z . Then for the function 

X{0}(^) , X(n k ,n k+1 ]{\x\) 



Vt ° ~ 7^" + 



9 & \ Vt-o fa 



we have 6{x) — > , \x\ — > +oo , is an even lower semicontinuous on R function, 

which does not increase as x > , 9(x) G (0, 1] V x G R and 



/ jr\ dn(x) = a(0) • /x({0}) + £ 



tnfe tnk+1 - < OO . 



That is why all properties (4.3.4a-d) are valid and for f — a , where a (x) : = ||^y , 
x G R . Applying Lemma 4.2 to the function a we obtain the function a for which all 
conditions (4.3.4a-d) with f = a will be true and also: 

(4.3.4e) a(x) > fg* VxGl ; 
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(4.3. 4g) /I ( y G R | |x - y| + - a(y)| < e) > V £ > Vie doma . 



4.3.4°. In view of (4.3.1) and (4.3.4a) with / = a we can apply known Riesz's theorem 
to the convergent to zero in the space Li(fi) sequence |^ — P n (x)\ P , n > 1 (we 
consider here 1/ + oo := ). That is why taking into account /i(R \ doma) = we can 
find such 4CK, fJ>(A) = , and such subsequence {rik} k>l that 



lim — - 

fc-+oo a[x) 



x + i 



ViGK\A; K\AC doma . 



(4.3.5) 



On the other hand for arbitrary T > , x G doma and k > 1 properties (4.3.4e), (4.3.3) 
and (4.3.2) yield: 



a(x) 



x + 1 



:-Pn k {x) 



< 



)|' 



from where 



lim sup —- — 

t^+oo | X |> T a(x) 



a(x) 
1 



9(x) < 6{T) V \x\ > T , 



x + i 



~Pn k {x) 



. 



(4.3.6) 



By virtue of the Proposition 2.2 established properties (4.3.5), (4.3.6) mean that for any 
countable set A C R \ A , which has not finite limit points the following statement holds: 



V is dense in , where (3{x) : 



Xa(x) 
a(xy/p ' 



x G 



(4.3.7) 



4.3.5°. Let us exhibit that in fact more strong than (4.3.7) statement is valid: 

V is dense m C° , where w(x) := Xsn ^^ xeR. (4.3.8) 

Assuming a contrary we by Proposition 4.1 can find such B G H H So , that A# C 
suppyU fl doma and 

Applying Lemma 4.3 to the function B G Ti, , we can find also corresponding to that 
function constant C > and the sequence of positive real numbers {^A} AeAs • Determine 
now the numbers 6 A , A G A B , satisfying \b\ — A| < 5\ V A G A B . 

If //({A}) > , then A ^ A and let b\ = \ in that case. If /z({A}) = then choose 
an arbitrary b\ from the nonempty by (4.3.4g) set: 

{y G R | y + A, |y - A| + \a(y) - a(X)\ < 5* x } \ A , (4.3.10) 

where 5{ := min {a(A), 5\} . 

Then q;(6a) < 2a(A) V A G A^ and constructed by such sequence {&A} Ae A s en tire 
function D G 7i in Lemma 4.3 will satisfy inequality: |-B'(A)| < C\D'(b\)\ V A G A B . In 
view of (4.3.9) this means that 



AeA I 



'A J 



42 



Since the sequence {b\} XeAB C|\i and has not the finite limit points then obtained 
inequality (4.3.11) contradicts (4.3.7) with A = {b\} XeAB . Thus, statement (4.3.8) has 
been proved. 

It remains to observe that defined in (4.3.8) function w in view of (4.3.4a-d) with 
f = a is upper semicontinuous on R and satisfies : ||£ n Hlc(]R) < oo V n G Z , 
< w(x) < 1 V x G R , ^ G L p (fx) . That is why defined by the following equality 



jy(A) := [ — l — dfitx) V A G 



A 

measure v will be finite positive Borel measure on the real axis. Since the bounded 
function w(x) p is Borel we by known change of variables theorem in the Lebesgue integral 

get the required representation of the measure ji : fi(A) = f w(x) p dv{x) V A G 

A 

Theorem 4.1 is proved. 
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